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1. Öåëûå ÷èñëà è ìîäóëüíàÿ àðè�ìåòèêà1. Äîêàçàòü, ÷òî åñëè n öåëîå è n > 1, òî ÍÎÄ (n�1; n2+n+1) = 1 èëè 3.Prove that if n is an integer with n > 1, then gd(n� 1; n2 + n + 1) = 1 or 3.�åøåíèå. �àçäåëèâ n2+n+1 íà n� 1 ñ îñòàòêîì (èñïîëüçóÿ äåëåíèåìíîãî÷ëåíîâ óãîëêîì), ìû ïîëó÷àåì ÷àñòíîå n+ 2 è îñòàòîê 3:n2 + n+ 1 = (n+ 2)(n� 1) + 3:Îòñþäà âèäíî, ÷òî ëþáîé îáùèé äåëèòåëü äëÿ n � 1 è n2 + n+ 1 äîëæåíáûòü äåëèòåëåì 3, ñëåäîâàòåëüíî, ÍÎÄ äîëæåí áûòü 1 èëè 3.2. Ïóñòü A = 0� 0 0 �10 1 01 0 0 1A. Äîêàçàòü, ÷òî åñëè n ïîëîæèòåëüíîå öåëîå,òî An = 0� 1 0 00 1 00 0 1 1A òîãäà è òîëüêî òîãäà, êîãäà n êðàòíî 4 (ò.å. 4 j n).Let A = 0� 0 0 �10 1 01 0 0 1A. Prove that if n is a positive integer, then An = 0� 1 0 00 1 00 0 1 1Aif and only if 4 j n.�åøåíèå. Ïîñëåäîâàòåëüíî âû÷èñëÿÿ A2, A3 = AA2, A4 = AA3 è ò.ä.,ïîëó÷èìA2 = 0� 0 0 �10 1 01 0 0 1A0� 0 0 �10 1 01 0 0 1A = 0� �1 0 00 1 00 0 �1 1A ;
A3 = 0� 0 0 �10 1 01 0 0 1A0� �1 0 00 1 00 0 �1 1A = 0� 0 0 10 1 0�1 0 0 1A ;
A4 = 0� 0 0 �10 1 01 0 0 1A0� 0 0 10 1 0�1 0 0 1A = 0� 1 0 00 1 00 0 1 1A :Òàêèì îáðàçîì, åñëè n êðàòíî 4, ò.å. n = 4q , òîAn = A4q = (A4)q = Iq = I: 3



Îáðàòíî, åñëè An = I, òî, èñïîëüçóÿ àëãîðèòì äåëåíèÿ ñ îñòàòêîì, ïîëó-÷èì, n = 4q+ r, ãäå 0 6 r < 4. Òîãäà Ar = An�4q = An(A�4)q = I � Iq = I,ñëåäîâàòåëüíî, r = 0, ïîñêîëüêóA1, A2, A3 íå ðàâíû I . Îòñþäà çàêëþ÷àåì,÷òî n êðàòíî 4.3. Äîêàçàòü ïî èíäóêöèè, ÷òî êàæäûé ÷ëåí ïîñëåäîâàòåëüíîñòè âèäà12; 102; 1002; 10002; : : : ÿâëÿåòñÿ êðàòíûì 6.Give a proof by indution to show that eah number in the sequene 12, 102, 1002,10002; : : :, is divisible by 6.�åøåíèå. Ìû ìîæåì çàïèñàòü ýëåìåíòû ïîñëåäîâàòåëüíîñòè â �îðìå10n + 2, äëÿ n = 1; 2; : : :. Òàêèì îáðàçîì, íàì íóæíî äîêàçàòü ñëåäóþùååóòâåðæäåíèå: äëÿ ëþáîãî ïîëîæèòåëüíîãî öåëîãî n, öåëîå ÷èñëî 10n + 2äåëèòñÿ íà 6.Ïåðâûé øàã ïðîâåðÿåò èñòèííîñòü óòâåðæäåíèÿ ïðè n = 1. Äåéñòâèòåëü-íî, 12 êðàòíî 6. Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå âåðíî ïðè n = k. Ïîêàæåì,÷òî îíî âåðíî è ïðè n = k+1. Íà÷íåì ñ ïðåäïîëîæåíèÿ , ÷òî 10k+2 êðàò-íî 6, ò.å. 10k + 2 = 6q äëÿ íåêîòîðîãî q 2 Z, è çàòåì ïðîâåðèì äåëèìîñòüíà 6 ÷èñëà 10n + 2, êîãäà n = k + 1. Èìååì10k+1 + 2 = (10)(10)k + 2 = (10)(6q� 2) + 2= (10)(6q)� 18 = (6)(10q � 3):Êàê ìû âèäèì, ÷òî åñëè 10k + 2 äåëèòñÿ íà 6, òî 10k+1 + 2 òàê æå äåëèòñÿíà 6. Óòâåðæäåíèå äîêàçàíî.4. a) Èñïîëüçóÿ àëãîðèòì Åâêëèäà, íàéòè ÍÎÄ (1776; 1492).b) Èñïîëüçóÿ ðàçëîæåíèå íà ïðîñòûå ìíîæèòåëè 1492 è 1776, íàéòèÍÎÄ (1776; 1492).a) Use the Eulidean algorithm to �nd gd(1776; 1492).b) Use the prime fatorizations of 1492 and 1776 to to �nd gd(1776; 1492).�åøåíèå. a)1776 = 1492 � 1 + 284;1492 = 284 � 5 + 72;284 = 72 � 3 + 68;72 = 68 � 1 + 4;68 = 4 � 17 + 0: 4



Òàêèì îáðàçîì, ÍÎÄ (1776; 1492) = 4.b) Òàê êàê 1776 = 24 � 3 � 37 è 1492 = 22 � 373, òîÍÎÄ (1776; 1492) = 2min(4;2) � 3min(1;0) � 373min(1;0) = 22 = 4:5. Ïîñòðîèòü äèàãðàììó Õàññå âñåõ äåëèòåëåé 250. Ñäåëàòü òî æå ñàìîåäëÿ 484.Give the lattie diagram of all divisors of 250. Do the same for 484.�åøåíèå. �àññìîòðèì ðàçëîæåíèå ÷èñåë 250 è 484 íà ïðîñòûå ìíîæè-òåëè: 250 = 2 � 53, 484 = 22 � 112. Â êàæäîé äèàãðàììå íàì íåîáõîäèìîèñïîëüçîâàòü îäíó �îñü� äëÿ êàæäîãî ïðîñòîãî äåëèòåëÿ. Äåëÿ (ïîñëåäîâà-òåëüíî) èñõîäíîå ÷èñëî íà ïðîñòûå ÷èñëà, çàïèñûâàåì ðåçóëüòàòû �âäîëüñîîòâåòñòâóþùåé îñè�, îáðàçóÿ ïóòü â äèàãðàììå Õàññå. Ê ïðèìåðó, äåëå-íèå 250 íà 5 äàåò ïîäðÿä ðåçóëüòàòû 50, 10 è 2. Ýòè ÷èñëà ñëåäóþò âäîëüîäíîé îñè äèàãðàììû Õàññå.

6. Íàéòè âñå öåëî÷èñëåííûå ðåøåíèÿ óðàâíåíèÿ xy + 2y � 3x = 25.Find all integer solutions of the equation xy + 2y � 3x = 25.�åøåíèå. Ïðåîáðàçóåì ýòî ðàâåíñòâî â ïðîèçâåäåíèå:xy + 2y � 3x = 25;(x+ 2)y � 3x� 6 = 25� 6;(x+ 2)y � 3(x+ 2) = 19;(x+ 2)(y � 3) = 19: 5



Òàê êàê 19 � ïðîñòîå ÷èñëî, òî âîçìîæíû òîëüêî äâà ñïîñîáà ðàçëîæåíèÿíà ìíîæèòåëè ÷èñëà 19: 1 � 19 = 19 èëè (�1) � (�19) = 19. Ïîýòîìó äëÿx + 2 âîçìîæíû 4 âàðèàíòà: x + 2 = 1, x + 2 = �1, x + 2 = 19 èëèx + 2 = �19. Äëÿ êàæäîãî èç ýòèõ çíà÷åíèé ñóùåñòâóåò ñîîòâåòñòâóþùååçíà÷åíèå y, òàê êàê âòîðîé ñîìíîæèòåëü ðàâåí y � 3. Çàïèñûâàÿ ðåøåíèåâ âèäå óïîðÿäî÷åííîé ïàðû (x; y), ìû ïîëó÷èì ÷åòûðå ðåøåíèÿ (�1; 22),(�3;�16), (17; 4) è (�21; 2).7. Äëÿ íàòóðàëüíûõ a, b äîêàçàòü, ÷òî ÍÎÄ (a; b) = 1, òîãäà è òîëüêî òîãäà,êîãäà ÍÎÄ (a2; b2) = 1.For positive integers a; b, prove that gd(a; b) = 1 if and only if gd(a2; b2) = 1.�åøåíèå. Íàïîìíèì, ÷òî ÍÎÄ (a; b) = 1 òîãäà è òîëüêî òîãäà, êî-ãäà ÍÎÄ (a; b) = 1 è ÍÎÄ (a; ) = 1. Â ÷àñòíîñòè, äëÿ  = b ïîëó÷èìÍÎÄ (a; b2) = 1, òîãäà è òîëüêî òîãäà, êîãäà ÍÎÄ (a; b) = 1. Àíàëîãè÷-íûì îáðàçîì ïîêàæåì, ÷òî ÍÎÄ (a2; b2) = 1, òîãäà è òîëüêî òîãäà, êîãäàÍÎÄ (a; b2) = 1.8. Äîêàçàòü, ÷òî n � 1 è 2n � 1 âçàìíî ïðîñòû äëÿ âñåõ öåëûõ n > 1.ßâëÿåòñÿ ëè óòâåðæäåíèå èñòèííûì äëÿ 2n� 1 è 3n� 1?Prove that n� 1 and 2n� 1 are relatively prime, for all integers n > 1. Is the same truefor 2n� 1 and 3n� 1?�åøåíèå. Èñïîëüçóÿ ðàñøèðåííûé àëãîðèòì Åâêëèäà, íàõîäèì(1)(2n� 1) + (�2)(n� 1) = 1:Ïîëó÷åííîå ðàâåíñòâî ðàâíîñèëüíî òîìó, ÷òî ÍÎÄ (2n � 1; n � 1) = 1.Àíàëîãè÷íî,(2)(3n� 1) + (�3)(2n� 1) = 1:Òàêèì îáðàçîì, ÍÎÄ (3n� 1; 2n� 1) = 1.9. Ïóñòü m è n � ïîëîæèòåëüíûå öåëûå ÷èñëà. Äîêàçàòü, ÷òîÍÎÄ (2m � 1; 2n � 1) = 1, òîãäà è òîëüêî òîãäà, êîãäà ÍÎÄ (m;n) = 1.Let m and n be positive integers. Prove that gd(2m � 1; 2n � 1) = 1 if and only ifgd(m;n) = 1.Óêàçàíèå. �àçîáüåì äîêàçàòåëüñòâî íà äâå ÷àñòè. Ñíà÷àëà äîêàæåì, ÷òîåñëè ÍÎÄ (m;n) = 1, òî ÍÎÄ (2m � 1; 2n � 1) = 1. Çàòåì äîêàæåì îá-ðàòíîå, êîòîðîå ñîñòîèò â òîì, ÷òî åñëè ÍÎÄ (2m � 1; 2n � 1) = 1, òî6



ÍÎÄ (m;n) = 1. ×òîáû äîêàçàòü ýòî, èñïîëüçóåì äîêàçàòåëüñòâî îò ïðîòèâ-íîãî, ïðåäïîëàãàÿ, ÷òî ÍÎÄ (m;n) 6= 1 è ïîêàçûâàÿ, ÷òî èç ýòîãî ñëåäóåò,÷òî ÍÎÄ (2m � 1; 2n � 1) 6= 1.Íàïîìíèì èçâåñòíîå òîæäåñòâîxk � 1 = (x� 1)(xk�1 + xk�2 + : : :+ x+ 1): (�)�åøåíèå. Åñëè ÍÎÄ (m;n) = 1, òî ñóùåñòâóþò a; b 2 Z òàêèå, ÷òîam + bn = 1. Ïîäñòàâèì â (�) x = 2m è k = a è çàìåòèì, ÷òî 2m � 1ÿâëÿåòñÿ ìíîæèòåëåì äëÿ 2am�1, ò.å. 2am�1 = (2m�1)(s) äëÿ íåêîòîðîãîs 2 Z. Àíàëîãè÷íî ìîæíî ïðåäñòàâèòü 2bn�1 = (2n�1)(t) äëÿ íåêîòîðîãît 2 Z. Èìååì1 = 21 � 1= 2am+bn � 1 = 2bn(2am � 1) + 2bn � 1= 2bn(s)(2m � 1) + (t)(2n � 1)è òàê ìû èìååì ëèíåéíóþ êîìáèíàöèþ äëÿ 2m � 1 è 2n � 1, ðàâíóþ 1,ñëåäîâàòåëüíî, ÍÎÄ (2m � 1; 2n � 1) = 1.Åñëè ÍÎÄ (m;n) 6= 1, òî ÍÎÄ (m;n) = d > 1, ñëåäîâàòåëüíî, íàéäóòñÿòàêèå p; q 2 Z, ÷òî m = dq è n = dp. Êàê áûëî ïîêàçàíî â ïåðâîé ÷àñòèäîêàçàòåëüñòâà, 2d � 1 ÿâëÿåòñÿ îáùèì äåëèòåëåì äëÿ 2dq � 1 è 2dp � 1.Ñëåäîâàòåëüíî, ÍÎÄ (2m � 1; 2n � 1) 6= 1.10. Äîêàçàòü, ÷òî ÍÎÄ (2n2 + 6n � 4; 2n2 + 4n � 3) = 1 äëÿ âñåõ öåëûõn > 1.Prove that gd(2n2 + 6n� 4; 2n2 + 4n� 3) = 1, for all integers n > 1.�åøåíèå. Âîñïîëüçóåìñÿ àëãîðèòìîì Åâêëèäà. Äåëåíèå 2n2 + 6n � 4íà 2n2+4n� 3 äàåò ÷àñòíîå ðàâíîå 1 è îñòàòîê 2n� 1. Ñëåäóþùèì øàãîìÿâëÿåòñÿ äåëåíèå 2n2 + 4n � 3 íà 2n � 1, ýòî äàåò â ÷àñòíîì n + 2, à âîñòàòêå n� 1. ÈìååìÍÎÄ (2n2 + 6n� 4; 2n2 + 4n� 3) = ÍÎÄ (2n2 + 4n� 3; 2n� 1) == ÍÎÄ (2n� 1; n� 1) = 1;ñîãëàñíî çàäà÷å 8. 7



11. Íàéòè âñå èäåìïîòåíòíûå ýëåìåíòû â Z=(17 � 19) = Z323.Find all idempotent elements in Z=(17 � 19) = Z323.�åøåíèå. x 2 Z323 ÿâëÿåòñÿ èäåìïîòåíòîì, åñëè è òîëüêî åñëè x óäî-âëåòâîðÿåò óñëîâèþ x2 = x â Z323. Ýòî ýêâèâàëåíòíî äåëèìîñòè x2 � x âZ íà 323 = 17 � 19. Ïîñêîëüêó 17 è 19 âçàèìíî ïðîñòû ýòî ýêâèâàëåíòíîîäíîâðåìåííîé äåëèìîñòè x2� x íà 17 è 19, ÷òî ðàâíîñèëüíî âûïîëíåíèþðàâåíñòâ x2 = x â Z17 è â Z19. Ò.ê. Z17 è Z19 � ïîëÿ (17 è 19 ÿâëÿþòñÿïðîñòûìè), òî óðàâíåíèå x2�x = x(x�1) = 0 èìååò â ýòèõ ïîëÿõ â òî÷íî-ñòè äâà êîðíÿ 0 è 1. Òàêèì îáðàçîì, ýëåìåíò x áóäåò èäåìïîòåíòîì â Z323â îäíîì èç ÷åòûðåõ ñëó÷àåâ:1) x = 0 â Z17 è Z19, ò.å. x êðàòíî 17 è 19 îäíîâðåìåííî, ÷òî ðàâíîñèëüíîx = 0 â Z323.2) x = 1 â Z17 è Z19 ò.å. x� 1 êðàòíî 17 è 19 îäíîâðåìåííî, ÷òî ðàâíî-ñèëüíî x� 1 = 0 â Z323 èëè x = 1 â Z323.3) x = 1 â Z17 è x = 0 â Z19. Èñïîëüçóÿ àëãîðèòì Åâêëèäà, ïîëó÷àåì,÷òî 9 �17�8 �19 = 1. Îòñþäà ñëåäóåò, ÷òî x1 = �8 �19 = 171 óäîâëåòâîðÿåòóñëîâèþ 3.4) x = 1 â Z19 è x = 0 â Z17. Àíàëîãè÷íî ïðåäûäóùåìó ïóíêòó èçðàâåíñòâà 9 � 17 � 8 � 19 = 1 ñëåäóåò, ÷òî x2 = 9 � 17 = 153 óäîâëåòâîðÿåòóñëîâèþ 4).12. Äîêàçàòü, ÷òî â Zpq , ãäå p, q � ðàçëè÷íûå ïðîñòûå ÷èñëà, íåò îòëè÷íûõîò íóëÿ íèëüïîòåíòíûõ ýëåìåíòîâ.Show that there are no (non-zero) nilpotent elements in Zpq for distint primes p, q.�åøåíèå. Ïðåäïîëîæèì, ÷òî x � íèëüïîòåíòíûé ýëåìåíò â Zpq . Òîãäàäëÿ íåêîòîðîãî n � 1, xn êðàòíî pq, ò.å. xn äåëèòñÿ íà pq. Ò.ê. p, q �ïðîñòûå, ýòî ýêâèâàëåíòíî îäíîâðåìåííîé äåëèìîñòè xn íà p è q. Â ñèëóïðîñòîòû p, q ýòî îçíà÷àåò îäíîâðåìåííóþ äåëèìîñòü x íà p è q è, çíà-÷èò, äåëèìîñòü x íà pq, òî åñòü x = 0 â Zpq è, ñëåäîâàòåëüíî, íåíóëåâûõíèëüïîòåíòîâ â Zpq , íåò.13. Äîêàçàòü, ÷òî íåò ïîëÿ ñ 35 ýëåìåíòàìè.Proof that there is no �eld with 35 elements.�åøåíèå. Ïðåäïîëîæèì, ÷òî K � ïîëå ñ pq ýëåìåíòàìè, ãäå p, q �ïðîñòûå. Ïðèìåíÿÿ òåîðåìó Êîøè ê àääèòèâíîé ãðóïïå ïîëÿ K , ïîëó÷èì,8



÷òî â K ñóùåñòâóåò ýëåìåíò x ñ àääèòèâíûì ïîðÿäêîì ðàâíûì p (ò.å. px =0) è ýëåìåíò y ñ àääèòèâíûì ïîðÿäêîì ðàâíûì q (ò.å. qy = 0). Êîíå÷íî,íè x íè y íå ðàâíû 0, òàê êàê àääèòèâíûé ïîðÿäîê 0 ðàâåí 1.Ïóñòü z = xy. Ïîñêîëüêó K � ïîëå è x 6= 0, y 6= 0, òî z 6= 0. Êàê îáû÷íî,çàïèñü nw äëÿ öåëîãî ÷èñëà n è w 2 K åñòü ïðîñòî ñîêðàùåíèå äëÿ n-êðàòíîãî ñëîæåíèÿw: nw = w+w+: : :+w. Äàëåå p(xy) = (px)�y = 0�y = 0è q(xy) = x(qy) = x � 0 = 0.Ïóñòü s, t öåëûå ÷èñëà, òàêèå ÷òî sp+ tq = 1. Òîãäàxy = 1 � (xy) = (sp+ tq) � (xy) = s(px)y + tx(qy) = 0 + 0 = 0;ò.å. ïîëó÷èëè ïðîòèâîðå÷èå.Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî ïîðÿäîê ïîëÿ íå ìîæåò äåëèòüñÿ íàäâà ðàçëè÷íûõ ïðîñòûõ ÷èñëà. Ýòî îçíà÷àåò, ÷òî ïîðÿäîê ëþáîãî êîíå÷íîãîïîëÿ ìîæåò áûòü òîëüêî ñòåïåíüþ ïðîñòîãî ÷èñëà.14. Íàéòè îáðàòíûå äëÿ âñåõ íåíóëåâûõ ýëåìåíòîâ èç Z7.Find the multipliative inverse of eah nonzero element of Z7.�åøåíèå. Òàê êàê 6 � �1 mod 7, òî âû÷åò [6℄7 êàê [1℄7 ÿâëÿåòñÿ îá-ðàòíûì äëÿ ñàìîãî ñåáÿ. Êðîìå òîãî, èç ðàâåíñòâ 2�4 = 8 � 1 mod 7 è3 � 5 = 15 � 1 mod 7 ñëåäóåò, ÷òî âû÷åòû [2℄7 è [4℄7; [3℄7 è [5℄7 � âçàèìíîîáðàòíûå äðóã äëÿ äðóãà.15. Íàéòè îáðàòíûå äëÿ âñåõ íåíóëåâûõ ýëåìåíòîâ èç Z13.Find the multipliative inverse of eah nonzero element of Z13.Óêàçàíèå. Åñëè ab � 1 mod n, òî [a℄n è [b℄n � âçàèìíî îáðàòíûå, òàê æåêàê [�a℄n è [�b℄n. Åñëè ab � �1 mod n, òî [a℄n è [�b℄n, òàê æå êàê [�a℄nè [b℄n � âçàèìíî îáðàòíûå äðóã äðóãó. Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ ïàðâçàèìíî îáðàòíûõ ýëåìåíòîâ ïîëåçíî íàéòè öåëûå m, óäîâëåòâîðÿþùèåóñëîâèþ m � �1 mod n, è ðàññìîòðåòü èõ ðàçëîæåíèå â ïðîèçâåäåíèåïàðû ñîìíîæèòåëåé.�åøåíèå. Çàìåòèì, ÷òî ÷èñëà 14, 27 è 40 äàþò âû÷åò 1 ïî ìîäóëþ 13, à÷èñëà 12, 25 è 38 äàþò âû÷åò -1. Èñïîëüçóÿ ðàçëîæåíèå 14 = 2 �7, ïîëó÷àåìïàðó [2℄13 è [7℄13 âçàèìíî îáðàòíûõ âû÷åòîâ. Èñïîëüçóÿ ðàçëîæåíèå 12 = 3�4è 12 = 2 � 6, ïîëó÷àåì ïàðó [3℄13 è [�4℄13, ïàðó [4℄13 è [�3℄13 è, íàêîíåö,[6℄13 è [�2℄13. Èñïîëüçóÿ ðàçëîæåíèå 40 = 5�8, ïîëó÷àåì ïàðó [5℄13 è [8℄13. Â9



ðåçóëüòàòå ïîëó÷àåì ñïèñîê îáðàòíûõ ýëåìåíòîâ: [2℄�113 = [7℄13; [3℄�113 = [9℄13;[4℄�113 = [10℄13; [5℄�113 = [8℄13; [6℄�113 = [11℄13; [12℄�113 = [�1℄�113 = [�1℄13 =[12℄13.16. Íàéòè [91℄�1501, åñëè îí ñóùåñòâóåò â Z501.Find [91℄�1501, if possible (in Z501).�åøåíèå. Èñïîëüçóÿ ðàñøèðåííûé àëãîðèòì Åâêëèäà, ïîëó÷àåì� 1 0 5010 1 91 � � 1 �5 460 1 91 � � 1 �5 46�1 6 45 � � 2 �11 1�1 6 45 � :Îòñþäà ïîëó÷àåì 1 = 1 � 501� 11 � 91. Òàêèì îáðàçîì,[91℄�1501 = [�11℄501 = [490℄501:17. Íàéòè [3379℄�14061, åñëè îí ñóùåñòâóåò â Z4061.Find [3379℄�14061, if possible (in Z4061).�åøåíèå. Èñïîëüçóÿ ðàñøèðåííûé àëãîðèòì Åâêëèäà, ïîëó÷àåì� 1 0 40610 1 3379 � � 1 �1 6820 1 3379 � � 1 �1 682�4 5 651 � � 5 �6 31�4 5 651 � :Ïîñêîëüêó 31 j 651, òî ÍÎÄ (4061; 3379) = 31 è, çíà÷èò, 4061 è 3379 íåâçàèìíî ïðîñòûå, òàê ÷òî [3379℄4061 íåîáðàòèì â êîëüöå Z4061.18. Äëÿ êîëüöà Z20 íàéòè âñå îáðàòèìûå ýëåìåíòû è èõ îáðàòíûå, íàéòèâñå èäåìïîòåíòíûå è âñå íèëüïîòåíòíûå ýëåìåíòû.In Z20 �nd all units (list the multipliative inverse of eah); �nd all idempotent elements;�nd all nilpotent elements.Óêàçàíèå. Ìû çíàåì, ÷òî â êîëüöå Zn èìååòñÿ òî÷íî '(n) îáðàòèìûõ ýëå-ìåíòîâ, ãäå '(n) � �óíêöèÿ Ýéëåðà, ðàâíàÿ ÷èñëó ïîëîæèòåëüíûõ öåëûõ÷èñåë ìåíüøèõ n è âçàèìíî ïðîñòûõ ñ íèì. Îáðàòèìûå ýëåìåíòû âñåãäà10



ïàðíûå, ò.ê. åñëè a � îáðàòèìî (ò.å. ÍÎÄ (a; n) = 1), òî è �a îáðàòèìî(ïîñêîëüêó ÍÎÄ (n� a; n) = 1).�åøåíèå. Îáðàòèìûìè ýëåìåíòàìè â Z20 ÿâëÿþòñÿ âû÷åòû: 1, 3, 7,9, 11, 13, 17 è 19. Ïðè ýòîì: [3℄�120 = [7℄20, [9℄�120 = [9℄20, [11℄�120 = [11℄20,[13℄�120 = [17℄20 è [19℄�120 = [19℄20.Èäåìïîòåíòíûå ýëåìåíòû â Z20 (ò.å. ýëåìåíòû, óäîâëåòâîðÿþùèå óðàâ-íåíèþ x2 = x) ìîæíî íàéòè ìåòîäîì ïðîá è îøèáîê. Ïåðåáèðàÿ ïîñëå-äîâàòåëüíî âñå âû÷åòû îò 0 äî 19, ïîëó÷èì ñïèñîê èäåìïîòåíòîâ: [0℄20,[1℄20, [5℄20 è [16℄20. Áîëåå ñèñòåìàòè÷åñêèé ïîèñê èäåìïîòåíòíûõ ýëåìåíòîâîñíîâàí íà ñëåäóþùåì çàìå÷àíèè: åñëè n = b è ÍÎÄ (b; ) = 1, òî âû-÷åòû, óäîâëåòâîðÿþùèå ñðàâíåíèÿì x � 1 mod b è x � 0 mod , áóäóòèäåìïîòåíòàìè ïî ìîäóëþ n.Íèëüïîòåíòíûå ýëåìåíòû èç Z20 òàêæå ìîãóò áûòü íàéäåíû ïåðåáîðîì.Â Z20 èõ âñåãî 2: [0℄20 è [10℄20.19. Äîêàçàòü, ÷òî 10n+1+4 � 10n+4 äåëèòñÿ íà 9 äëÿ âñåõ ïîëîæèòåëüíûõöåëûõ n.Prove that 10n+1 + 4 � 10n + 4 is divisible by 9, for all positive integers n.�åøåíèå. Ýòî óòâåðæäåíèå ìîæåò áûòü äîêàçàíî èíäóêöèåé ïî n, íîáîëåå ïðîñòîå äîêàçàòåëüñòâî ïîëó÷àåòñÿ, åñëè çàìåòèòü, ÷òî10n+1 + 4 � 10n + 4 � 0 mod 9, òàê êàê 10 � 1 mod 9.20. Äîêàçàòü, ÷òî ÷åòâåðòàÿ ñòåïåíü ëþáîãî öåëîãî ÷èñëà â êà÷åñòâå ÷èñëàåäèíèö ìîæåò èìåòü òîëüêî 0, 1, 5 èëè 6.Prove that the fourth power of an integer an only have 0, 1, 5, or 6 as its units digit.�åøåíèå. ×èñëî åäèíèö öåëîãî ÷èñëà åñòü íàèìåíüøèé íåîòðèöàòåëü-íûé âû÷åò ýòîãî ÷èñëà ïî ìîäóëþ 10. Ñëåäîâàòåëüíî, íåîáõîäèìî íàéòèn4 mod 10. Âû÷èñëÿÿ ïîñëåäîâàòåëüíî, ïîëó÷èì: 04 = 0, (�1)4 = 1,(�2)4 = 16 � 6 mod 10, (�3)4 = 81 � 1 mod 10, (�4)4 � 62 � 6mod 10 è 54 � 52 � 5 mod 10. Ýòî è ïîêàçûâàåò, ÷òî âîçìîæíûìè åäèíè-öàìè äëÿ n4 ÿâëÿþòñÿ 0, 1, 5 è 6.21. �åøèòü óðàâíåíèå [x℄211 + [x℄11 � [6℄11 = [0℄11 â Z11.Solve the equation [x℄211 + [x℄11 � [6℄11 = [0℄11 in Z11.�åøåíèå. �àçëàãàÿ íà ìíîæèòåëè, ïîëó÷èì[x℄2 + [x℄� [6℄ = ([x℄ + [3℄)([x℄� [2℄).11



Ïîñêîëüêó Z11 � ïîëå, òî â íåì íåò äåëèòåëåé íóëÿ è, çíà÷èò, íàøå óðàâ-íåíèå ðàñïàäàåòñÿ íà äâà ëèíåéíûõ: [x℄ + [3℄ = 0 èëè [x℄� [2℄ = 0. Â èòîãåïîëó÷àåì ðåøåíèå [x℄ = [�3℄ = [8℄ èëè [x℄ = [2℄.22. Ïóñòü n 2 N è a 2 Z � âçàèìíî ïðîñòûå. Äîêàçàòü, ÷òî åñëè m �íàèìåíüøåå ïîëîæèòåëüíîå öåëîå, äëÿ êîòîðîãî am � 1 mod n, òî '(n)äåëèòñÿ íà m.Let n be a positive integer, and let a 2 Z with gd(a; n) = 1 ( a and n are relativelyprime). Prove that if m is the smallest positive integer for whih am � 1 mod n, then '(n)is divisible by m.�åøåíèå. Íàïîìíèì, ÷òî '(n) � ïîðÿäîê ãðóïïû âñåõ îáðàòèìûõ ýëå-ìåíòîâ êîëüöà Zn, îí ðàâåí ÷èñëó ïîëîæèòåëüíûõ öåëûõ ìåíüøèõ n è âçà-èìíî ïðîñòûõ ñ íèì (ïîñêîëüêó èìåííî ýòè è òîëüêî ýòè âû÷åòû îáðàòèìûïî ìîäóëþ n). Ñðàâíåíèå am � 1 mod n âëå÷åò îáðàòèìîñòü a, à òîò �àêò,÷òî m íàèìåíüøåå ïîëîæèòåëüíîå öåëîå, äëÿ êîòîðîãî am � 1 mod n,îçíà÷àåò, ÷òî m � ìóëüòèïëèêàòèâíûé ïîðÿäîê ýëåìåíòà a. Ïî òåîðåìåËàãðàíæà ïîðÿäîê ýëåìåíòà ãðóïïû ÿâëÿåòñÿ äåëèòåëåì ïîðÿäêà ãðóïïû.Ñëåäîâàòåëüíî, '(n) äåëèòñÿ íà m.23. Äîêàçàòü, ÷òî [a℄n � íèëüïîòåíòíûé ýëåìåíò êîëüöà Zn, òîãäà è òîëüêîòîãäà, êîãäà êàæäûé ïðîñòîé äåëèòåëü n ÿâëÿåòñÿ äåëèòåëåì a.Prove that [a℄n is a nilpotent element of Zn if and only if eah prime divisor of n is adivisor of a.�åøåíèå. Ïðåäïîëîæèì ñíà÷àëà, ÷òî êàæäûé ïðîñòîé äåëèòåëü n ÿâ-ëÿåòñÿ äåëèòåëåì a. Ïóñòü n = p�11 p�22 � � � p�tt � ðàçëîæåíèå n íà ïðîñòûåìíîæèòåëè, òîãäà ìû äîëæíû èìåòü a = p�11 p�22 � � � p�tt d, ãäå 0 6 �j 6 �j äëÿâñåõ j. Åñëè k � íàèìåíüøåå ïîëîæèòåëüíîå öåëîå, òàêîå ÷òî k�i > �i äëÿâñåõ i, òî ak äåëèòñÿ íà n è, çíà÷èò, [a℄kn = [0℄n, ò.å [a℄n � íèëüïîòåíòíûéýëåìåíò Zn.Îáðàòíî, åñëè [a℄kn = [0℄n äëÿ íåêîòîðîãî k, òîãäà ak äåëèòñÿ íà n è,çíà÷èò, êàæäûé ïðîñòîé äåëèòåëü n åñòü äåëèòåëü ak, à òàêæå äåëèòåëü a.24. �åøèòü ñðàâíåíèå 42x � 12 mod 90.Solve the ongruene 42x � 12 mod 90.�åøåíèå. Ò.ê. ÍÎÄ (42; 90) = 6 è 12 äåëèòñÿ íà 6, òî ñóùåñòâóåò ðîâíî6 ðåøåíèé. Äàííîå ñðàâíåíèå ýêâèâàëåíòíî óðàâíåíèþ 42x = 12 + 90q12



äëÿ öåëûõ x è q. Ñîêðàùàÿ íà 6, ïîëó÷èì 7x = 2 + 15q èëè 7x � 2mod 15. Ïðîñòûì ïåðåáîðîì íàéäåì 7�1 ïî ìîäóëþ 15. ×èñëà, äàþùèå âîñòàòêå 1 ïî ìîäóëþ 15, � ýòî ÷èñëà 16; 31; 46; 61; : : : è �14;�29;�34; : : :.Ñðåäè íèõ íà 7 äåëèòñÿ �14, ò.å. 7�1 = �2 ïî ìîäóëþ 15. Óìíîæàÿ îáåñòîðîíû ñðàâíåíèÿ 7x � 2 mod 15 íà �2, ïîëó÷èì �14x � �4 mod 15èëè x � 11 mod 15. Èòàê, x � 11; 26; 41; 56; 71; 86 mod 90.25. a) Íàéòè âñå ðåøåíèÿ ñðàâíåíèÿ 55x � 35 mod 75.Find all solutions to the ongruene 55x � 35 mod 75.�åøåíèå. Ìû èìååì ÍÎÄ (55; 75) = 5, è ò.ê. 5 ÿâëÿåòñÿ äåëèòåëåì 35,òî ñðàâíåíèå èìååò 5 ðåøåíèé. Ïîñëåäîâàòåëüíî ïîëó÷àåì (äåëåíèåì íà 5è óìíîæåíèåì íà 11�1 = �4 ïî ìîäóëþ 15)55x � 35 mod 75;11x � 7 mod 15;�44x � �28 mod 15;x � �13 mod 15;x � 2 mod 15:Ñëåäîâàòåëüíî, x � 2; 17; 32; 47; 62 mod 75.b) Íàéòè âñå ðåøåíèÿ ñðàâíåíèÿ 55x � 36 mod 75.Find all solutions to the ongruene 55x � 36 mod 75.�åøåíèå. Ýòî ñðàâíåíèå íå èìååò ðåøåíèé, ò.ê. ÍÎÄ (55; 75) = 5, à 36íå äåëèòñÿ íà 5.26. a) Íàéòè êàêîå-íèáóäü öåëîå ðåøåíèå óðàâíåíèÿ 110x+ 75y = 45.Find one partiular integer solution to the equation 110x+ 75y = 45.�åøåíèå. Íàéäåì ÍÎÄ (110; 75) â âèäå ëèíåéíîé êîìáèíàöèè 110 è 75ìàòðè÷íûì ìåòîäîì:� 1 0 1100 1 75 � � 1 �1 350 1 75 � � 1 �1 35�2 3 5 � � 15 �22 0�2 3 5 � :Òàêèì îáðàçîì, �2(110)+3(75) = 5. Óìíîæèâ ýòî ðàâåíñòâî íà 9, ïîëó÷èìðåøåíèå x = �18, y = 27. 13



Êîììåíòàðèé. Ìàòðè÷íîå âû÷èñëåíèå ïîêàçûâàåò, ÷òî110(15) + 75(�22) = 0;òàê ÷òî äîáàâëÿÿ ëþáîå êðàòíîå âåêòîðà (15;�22) ê ðåøåíèþ (�18; 27),ïîëó÷èì íîâîå ðåøåíèå.2-îå ðåøåíèå. Íàøå óðàâíåíèå ðàâíîñèëüíî ñëåäóþùåìó ñðàâíåíèþ35x � 45 mod 75. Äåëåíèå íà 5 ïðèâîäèò ê ñðàâíåíèþ 7x � 9 mod 15, àóìíîæåíèå íà �2 äàåò x � �3 mod 15 èëè x = �3+15n. Ñëåäîâàòåëüíî,75y = 45+ 3(110) = 375, è â ðåçóëüòàòå ïîëó÷àåì ðåøåíèå x = �3, y = 5.b) Ïîêàçàòü, ÷òî åñëè x = m è y = n � öåëî÷èñëåííîå ðåøåíèå óðàâ-íåíèÿ 110x+75y = 45, òî x = m+15q è y = n� 22q � òîæå ðåøåíèå äëÿëþáîãî q 2 Z.Show that if x = m and y = n is an integer solution to the equation 110x + 75y = 45,then so is x = m + 15q and y = n� 22q, for any integer q.�åøåíèå. Åñëè 110m+ 75n = 45, òîãäà110(m+ 15q) + 75(n� 22q) = 45 + 110(15)q+ 75(�22)q = 45;ò.ê. 110(15)� 75(22) = 0.27. �åøèòü ñèñòåìó ñðàâíåíèé x � 2 mod 9, x � 4 mod 10.Solve the system of ongruenes x � 2 mod 9, x � 4 mod 10.�åøåíèå. Ïðåîáðàçîâàâ âòîðîå ñðàâíåíèå â âûðàæåíèå x = 4 + 10q,ãäå q 2 Z, è ïîäñòàâèâ â ïåðâîå, ïîëó÷èì 4 + 10q � 2 mod 9, ÷òî âñâîþ î÷åðåäü ïðèâîäèòñÿ ê q � 7 mod 9. Òàêèì îáðàçîì, x � 74 mod 90� ðåøåíèå ñèñòåìû.28. �åøèòü ñèñòåìó ñðàâíåíèé 5x � 14 mod 17, 3x � 2 mod 13.Solve the system of ongruenes 5x � 14 mod 17, 3x � 2 mod 13.�åøåíèå. Ò.ê. 7 � 5 � 1 mod 17, òî, óìíîæàÿ ïåðâîå ñðàâíåíèå íà 7,ïîëó÷èì 35x � 98 mod 17 è, çíà÷èò, x � 13 mod 17.Àíàëîãè÷íî, ó÷èòûâàÿ, ÷òî 9 � 3 � 1 mod 13, ïîëó÷èì èç âòîðîãî ñðàâ-íåíèÿ 27x � 18 mod 13 èëè x � 5 mod 13. Ïîëó÷åííóþ óïðîùåííóþñèñòåìó ìîæíî ðåøèòü îáû÷íûì îáðàçîì. Ïåðåïèñûâàÿ ïåðâîå ñðàâíåíèåâ âèäå x = 13 + 17q äëÿ íåêîòîðîãî q 2 Z è ïîäñòàâëÿÿ â ëåâóþ ÷àñòü14



âòîðîãî, ïîëó÷èì 13 + 17q � 5 mod 13. Ïîñëåäíåå ñðàâíåíèå ïðèâîäèòñÿê âèäó 4q � 5 mod 13, óìíîæàÿ êîòîðîå íà 10 = 4�1 ïî ìîäóëþ 13, ïîëó-÷èì 40q � 50 mod 13 èëè q � 11 mod 13. Ýòî ïðèâîäèò â èòîãå ê îòâåòóx � 13 + 17 � 11 � 200 mod 221.29. �åøèòü ñèñòåìó ñðàâíåíèé x � 5 mod 25, x � 23 mod 32.Solve the system of ongruenes x � 5 mod 25, x � 23 mod 32.�åøåíèå. Èç âòîðîãî ñðàâíåíèÿ ïîëó÷àåì x = 23+32q äëÿ íåêîòîðîãîq 2 Z. Ïîäñòàâëÿÿ ïîëó÷åííîå âûðàæåíèå äëÿ x â ïåðâîå ñðàâíåíèå, íàõî-äèì 23 + 32q � 5 mod 25, êîòîðîå ïðèâîäèò ê 7q � 7 mod 25, òàê ÷òîq � 1 mod 15. Ñëåäîâàòåëüíî, x � 55 mod 25 � 32.30. Íàéòè öåëûå ÷èñëà a, b, m, n òàêèå, ÷òîáû ñèñòåìàx � a mod m; x � b mod níå èìåëà ðåøåíèé.Give integers a, b, m, n to provide an example of a systemx � a mod m; x � b mod nthat has no solution.�åøåíèå. Öåëûå m è n íå ìîãóò áûòü âçàèìíî ïðîñòûìè. Ýòî êëþ÷ êðåøåíèþ. Ïîëîæèì m = n = 2 , a = 1 è b = 0.31. a) Íàéòè ïîñëåäíþþ öè�ðó ÷èñëà 4100 â äåñÿòè÷íîì ïðåäñòàâëåíèè.Compute the last digit in the deimal expansion of 4100.�åøåíèå. Ïîñëåäíÿÿ öè�ðà � ýòî îñòàòîê äåëåíèÿ 4100 íà 10, ò.å.4100 mod 10. Èìååì 42 � 6 mod 10 è 62 � 6 mod 10. Ñëåäîâàòåëüíî,4100 = (42)50 � 650 � 6 mod 10.b) Äåëèòñÿ ëè ÷èñëî 4100 íà 3?Is 4100 divisible by 3?�åøåíèå. Íåò. Â ñàìîì äåëå 4100 � 1100 � 1 mod 3.Äðóãîå ðåøåíèå. 4100 = 2200 � ðàçëîæåíèå 4100 íà ïðîñòûå ìíîæèòå-ëè. Òîãäà ÍÎÄ (3; 2200) = 1 è, çíà÷èò, ÷èñëî 4100 íå äåëèòñÿ íà 3.32. Íàéòè âñå öåëûå n, äëÿ êîòîðûõ 4(n2 + 1) äåëèòñÿ íà 13.Find all integers n for whih 13 j 4(n2 + 1).15



�åøåíèå. Çàäà÷à ýêâèâàëåíòíà ðåøåíèþ ñëåäóþùåãî ñðàâíåíèÿ:4(n2 + 1) � 0 mod 13. Ïîñêîëüêó ÍÎÄ (4; 13) = 1, òî, ñîêðàùàÿ íà 4,ïîëó÷èì n2 � �1 mod 13. Äàëåå íàõîäèì âñå êâàäðàòû âû÷åòîâ ïî ìîäó-ëþ 13. Èìååì (�1)2 � 1 mod 13, (�2)2 � 4 mod 13, (�3)2 � 9 mod 13,(�4)2 � 3 mod 13, (�5)2 � �1 mod 13 è (�6)2 � �3 mod 13. Îòñþäàïîëó÷àåì îòâåò: x � �5 mod 13.33. Íàéòè ÍÎÄ (7605; 5733) è âûðàçèòü åãî êàê ëèíåéíóþ êîìáèíàöèþ 7605è 5733.Find gd(7605; 5733), and express it as a linear ombination of 7605 and 5733.�åøåíèå. Èñïîëüçóÿ ìàòðè÷íóþ �îðìó àëãîðèòìà Åâêëèäà, ïîëó÷èì� 1 0 76050 1 5733 � � 1 �1 18720 1 5733 �  � 1 �1 1872�3 4 117 � � 49 �65 0�3 4 117 � :Òàêèì îáðàçîì, ÍÎÄ (7605; 5733) = 117 è 117 = (�3) � 7605 + 4 � 5733.34. Ïóñòü w = �12+ p32 i. Äîêàçàòü, ÷òî wn = 1 äëÿ öåëîãî n, åñëè è òîëüêîåñëè n äåëèòñÿ íà 3.For w = �12 + p32 i, prove that wn = 1 if and only if n is divisible by 3.�åøåíèå. Çàïèøåì w â òðèãîíîìåòðè÷åñêîé �îðìå:w = os(2�=3) + i sin(2�=3):Èñïîëüçóÿ �îðìóëó Ìóàâðà, ïîëó÷èìw2 = os(4�=3) + i sin(4�=3) = �12 � p32 i; w3 = 1:Åñëè n 2 Z è n äåëèòñÿ íà 3, òî n = 3q äëÿ íåêîòîðîãî q 2 Z. Òîãäàwn = w3q = (w3)q = 1q = 1:Îáðàòíî, åñëè n 2 Z è wn = 1, òî, èñïîëüçóÿ àëãîðèòì äåëåíèÿ ñ îñòàò-êîì, ïîëó÷èì n = q � 3 + r, ãäå 0 6 r < 3. Òîãäà1 = wn = w3q+r = (w3)qwr = wr:16



Ò.ê. r = 0; 1; 2, è w 6= 1 è w2 6= 1, òî r = 0, è ïîýòîìó n äåëèòñÿ íà 3.35. �åøèòü ñðàâíåíèå 24x � 168 mod 200.Solve the ongruene 24x � 168 mod 200.�åøåíèå. Çàìåòèì, ÷òî ÍÎÄ (24; 200) = 8. Ïîñêîëüêó 168 äåëèòñÿ íà8, ñðàâíåíèå èìååò 8 ðåøåíèé. Ñîêðàùàÿ íà 8 îáå ÷àñòè ñðàâíåíèÿ è ìî-äóëü 200, ïîëó÷èì íîâîå ýêâèâàëåíòíîå ñðàâíåíèå 3x � 21 mod 25. ×òîáûðåøèòü ýòî ñðàâíåíèå, íóæíî íàéòè ìóëüòèïëèêàòèâíûé îáðàòíûé äëÿ êî-ý��èöèåíòà 3 ïî ìîäóëþ 25. Ïåðåáîðîì óñòàíàâëèâàåì, ÷òî 3�1 � �8 � 17mod 25. Óìíîæàÿ îáå ÷àñòè ñðàâíåíèÿ íà �8, ïîëó÷èì�24x � �168 mod 25;x � 7 mod 25:Îòâåò: x � 7; 32; 57; 82; 107; 132; 157; 182 mod 200.36. �åøèòü ñèñòåìó ñðàâíåíèé� 2x � 9 mod 15;x � 8 mod 11.Solve the system of ongruenes � 2x � 9 mod 15;x � 8 mod 11.�åøåíèå. Èç âòîðîãî ñðàâíåíèÿ ïðåäñòàâèì x â âèäå x = 8 + 11q äëÿíåêîòîðîãî q 2 Z è ïîäñòàâèì ýòî âûðàæåíèå â ïåðâîå ñðàâíåíèå. Ïîëó÷èìñðàâíåíèå âèäà 16 + 22q � 9 mod 15, óïðîùàÿ êîòîðîå íàõîäèì 7q � �7mod 15 èëè q � �1 mod 15. Ýòî äàåò x � �3 mod 11 � 15.37. Âûïèñàòü âñå ýëåìåíòû èç Z�15. Äëÿ êàæäîãî ýëåìåíòà íàéòè åãî ìóëü-òèïëèêàòèâíûé îáðàòíûé è íàéòè åãî ìóëüòèïëèêàòèâíûé ïîðÿäîê.List the elements of Z�15. For eah element, �nd its multipliative inverse, and �nd itsmultipliative order.�åøåíèå. Ïîñêîëüêó '(15) = 8, â ãðóïïå Z�15 äîëæíî áûòü 8 ýëåìåí-òîâ: [1℄, [2℄, [4℄, [7℄, [8℄, [11℄, [13℄ è [14℄. Ìóëüòèïëèêàòèâíûé ïîðÿäîê ëþ-áîãî íååäèíè÷íîãî ýëåìåíòà ðàâåí 2, 4, èëè 8. Èìååì [2℄2 = [4℄, [2℄3 = [8℄è [2℄4 = [1℄. Ýòî ïîêàçûâàåò íå òîëüêî, ÷òî ìóëüòèïëèêàòèâíûé ïîðÿäîê[2℄ ðàâåí 4, íî è ÷òî ìóëüòèïëèêàòèâíûé ïîðÿäîê [4℄ ðàâåí 2. Çàìåòèì,17



÷òî [2℄�1 = [8℄ è [4℄�1 = [4℄. Ïîñêîëüêó [13℄ = [�2℄, òî [13℄ èìååò ìóëü-òèïëèêàòèâíûé ïîðÿäîê 4 è [13℄�1 = [�2℄�1 = [�8℄ = [7℄. Àíàëîãè÷íî,[11℄�1 = [�4℄�1 = [�4℄ = [11℄. Íàêîíåö, [7℄2 = [4℄, [7℄4 = [4℄2 = [1℄,ñëåäîâàòåëüíî, ìóëüòèïëèêàòèâíûé ïîðÿäîê [7℄ ðàâåí 4.×òîáû âû÷èñëèòü ìóëüòèïëèêàòèâíûé ïîðÿäîê [8℄, çàïèøåì åãî êàê [2℄3.ßñíî, ÷òî ïåðâîå ïîëîæèòåëüíîå öåëîå k, äëÿ êîòîðîãî ([2℄3)k = [1℄ � ýòîk = 4, ò.ê. 3k äîëæíî äåëèòüñÿ íà 4. (Ýòî òàêæå ìîæíî ïîêàçàòü, ïðåäñòàâèâ[8℄ êàê [�7℄.) Àíàëîãè÷íî, [11℄ = [�4℄ èìååò ìóëüòèïëèêàòèâíûé ïîðÿäîê2, è [13℄ = [�2℄ èìååò ìóëüòèïëèêàòèâíûé ïîðÿäîê 4.
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2. Îòíîøåíèÿ è �óíêöèè1. Âî ìíîæåñòâå âñåõ óïîðÿäî÷åííûõ ïàð íàòóðàëüíûõ ÷èñåëN � N = f(a; b) j a; b 2 Ngîïðåäåëèì îòíîøåíèå (a1; b1) � (a2; b2), åñëè a1b2 = a2b1. Ïîêàçàòü, ÷òî �åñòü îòíîøåíèå ýêâèâàëåíòíîñòè.On the set N � N = f(a; b) j a; b 2 Ng, of all ordered pairs of natural numbers, de�ne(a1; b1) � (a2; b2) if a1b2 = a2b1. Show that this de�nes an equivalene relation.�åøåíèå. �å�ëåêñèâíîñòü �. Äëÿ ïðîèçâîëüíîé ïàðû (a; b) èìååìab = ba è, òàêèì îáðàçîì, (a; b) � (a; b).Ñèììåòðè÷íîñòü �. Ïóñòü (a1; b1) � (a2; b2), ò.å. èìååì a1b2 = a2b1,òîãäà a2b1 = a1b2, ÷òî îçíà÷àåò (a2; b2) � (a1; b1).Òðàíçèòèâíîñòü �. Ïóñòü (a1; b1) � (a2; b2) è (a2; b2) � (a3; b3), òîãäàa1b2 = a2b1 è a2b3 = a3b2. Óìíîæàÿ ïåðâîå ðàâåíñòâî íà b3, à âòîðîå íà b1,ïîëó÷èì a1b2b3 = a2b1b3 = a3b1b2. Ïîñêîëüêó b2 6= 0, òî a1b3 = a3b1, ÷òîäîêàçûâàåò, ÷òî (a1; b1) � (a3; b3).2. Âî ìíîæåñòâå C êîìïëåêñíûõ ÷èñåë îïðåäåëåíî z1 � z2, åñëè jz1j = jz2j.Ïîêàçàòü, ÷òî � åñòü îòíîøåíèå ýêâèâàëåíòíîñòè.On the set C of omplex numbers, de�ne z1 � z2 if jz1j = jz2j. Show that � is anequivalene relation.�åøåíèå. �å�ëåêñèâíîñòü, ñèììåòðè÷íîñòü è òðàíçèòèâíîñòü ëåãêîïðîâåðÿþòñÿ, ïîñêîëüêó � îïðåäåëåíî ñ ïîìîùüþ ðàâåíñòâà, à ðàâåíñòâîî÷åâèäíî ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè.3. Ïóñòü u = (u1; u2; u3) � �èêñèðîâàííûé âåêòîð èç R3. Ïðåäïîëîæèì,÷òî åãî äëèíà juj = pu21 + u22 + u23 ðàâíà 1. Îïðåäåëèì îòíîøåíèå íà R3ñëåäóþùèì îáðàçîì: äëÿ ëþáûõ äâóõ âåêòîðîâ v è w ïîëîæèì v � w, åñëè(v; u) = (w; u), ãäå (�; �) îáîçíà÷àåò ñòàíäàðòíîå ñêàëÿðíîå ïðîèçâåäåíèå.Ïîêàçàòü, ÷òî � åñòü îòíîøåíèå ýêâèâàëåíòíîñòè è äàòü ãåîìåòðè÷åñêîåîïèñàíèå êëàññîâ ýêâèâàëåíòíîñòè �.Let u = (u1; u2; u3) be a �xed vetor in R3 , and assume that u has length 1. For vetorsv and w, de�ne v � w if (v; u) = (w; u), where (�; �) denotes the standard dot produt. Showthat � is an equivalene relation, and give a geometri desription of the equivalene lassesof �. 19



�åøåíèå. �å�ëåêñèâíîñòü, ñèììåòðè÷íîñòü è òðàíçèòèâíîñòü îòíîøå-íèÿ � ëåãêî ïðîâåðèòü. Ïîñêîëüêó äëèíà u ðàâíà 1, (v; u) ïðåäñòàâëÿåòäëèíó ïðîåêöèè v íà îñü, îïðåäåëåííóþ u. Òàêèì îáðàçîì, äâà âåêòîðà v èw ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà îíè ëåæàò â îäíîé ïëîñêîñòè,ïåðïåíäèêóëÿðíîé u. Îòñþäà ñëåäóåò, ÷òî êëàññû ýêâèâàëåíòíîñòè � ýòîïëîñêîñòè â R3 , ïåðïåíäèêóëÿðíûå u.4. Äëÿ �óíêöèè f : R ! R , ãäå f(x) = x2 îïèñàòü îòíîøåíèå ÿäåðíîéýêâèâàëåíòíîñòè íà R , îïðåäåëåííîé �óíêöèåé f .For the funtion f : R ! R de�ned by f(x) = x2, desribe the equivalene relation on Rthat is determined by f .�åøåíèå. ßäåðíàÿ ýêâèâàëåíòíîñòü, îïðåäåëåííàÿ �óíêöèåé f , åñòü îò-íîøåíèå ýêâèâàëåíòíîñòè âèäà: a � b, åñëè f(a) = f(b). Â äàííîì ñëó÷àåa � b òîãäà è òîëüêî òîãäà, êîãäà a2 = b2 èëè a � b òîãäà è òîëüêî òîãäà,êîãäà jaj = jbj.5. Äëÿ ëèíåéíîãî ïðåîáðàçîâàíèÿ L : R3 ! R3, îïðåäåëåííîãî ñîîòíîøå-íèåì L(x; y; z) = (x+ y + z; x + y + z; x + y + z) äëÿ âñåõ (x; y; z) 2 R3 ,äàòü ãåîìåòðè÷åñêîå îïèñàíèå êëàññîâ ýêâèâàëåíòíîñòè â R3, îïðåäåëåííûõïðåîáðàçîâàíèåì L.For the linear transformation L : R3 ! R3 de�ned by L(x; y; z) = (x + y + z; x + y +z; x+ y + z), for all (x; y; z) 2 R3 , give a geometri desription of the partition of R3 that isdetermined by L.�åøåíèå. Ò.ê. (a1; a2; a3) � (b1; b2; b3) ïðè L(a1; a2; a3) = L(b1; b2; b3),òî èç îïðåäåëåíèÿ L ñëåäóåò, ÷òî (a1; a2; a3) � (b1; b2; b3) òîãäà è òîëüêî òî-ãäà, êîãäà a1+a2+a3 = b1+b2+b3. Íàïðèìåð, f(x; y; z)jL(x; y; z) = (0; 0; 0)g� ïëîñêîñòü, çàäàâàåìàÿ óðàâíåíèåì x+y+z = 0 ñ íîðìàëüíûì âåêòîðîì(1; 1; 1). Äðóãèå êëàññû ýêâèâàëåíòíîñòè â R3 � ýòî ïëîñêîñòè, ïàðàëëåëü-íûå ýòîé. Òàêèì îáðàçîì, �àêòîð-ìíîæåñòâî ÿäåðíîé ýêâèâàëåíòíîñòè, ïî-ðîæäåííîé ïðåîáðàçîâàíèåì L, ñîñòîèò èç ïëîñêîñòåé, ïåðïåíäèêóëÿðíûõâåêòîðó (1; 1; 1).6. Îïðåäåëèì îòîáðàæåíèå f : Z12 ! Z12 �îðìóëîé f([x℄12) = [x℄212 äëÿâñåõ [x℄12 2 Z12. Ïîêàçàòü, ÷òî �îðìóëà f îïðåäåëÿåò �óíêöèþ. Íàéòèîáðàç f è ìíîæåñòâî Z12=f êëàññîâ ýêâèâàëåíòíîñòè, ïîðîæäåííûõ f .De�ne the formula f : Z12 ! Z12 by f([x℄12) = [x℄212, for all [x℄12 2 Z12. Show that theformula f de�nes a funtion. Find the image of f and the set Z12=f of equivalene lasses20



determined by f .�åøåíèå. Ôóíêöèÿ f êîððåêòíî îïðåäåëåíà, ò.ê. åñëè [x℄12 = [y℄12, òîx � y mod 12, à òîãäà x2 � y2 mod 12, ò.å. f([x℄12) = f([y℄12).Îáðàç f íàõîäèì, ïîñëåäîâàòåëüíî âîçâîäÿ â êâàäðàò âñå âû÷åòû èçZ12: [0℄212 = [0℄12, [�1℄212 = [1℄12, [�2℄212 = [4℄12, [�3℄212 = [9℄12, [�4℄212 =[4℄12, [�5℄212 = [1℄12, è [6℄212 = [0℄12. Òàêèì îáðàçîì, f(Z12) = f[0℄12, [1℄12,[4℄12, [9℄12g. Êëàññû ýêâèâàëåíòíîñòè, îïðåäåëåííûå f f[0℄12; [6℄g, f[�1℄12,[�5℄12g, f[�2℄12, [�4℄12g, f[�3℄12g.7. Âî ìíîæåñòâå âñåõ n � n ìàòðèö íàä R îïðåäåëèì îòíîøåíèå: A � B,åñëè ñóùåñòâóåò îáðàòèìàÿ ìàòðèöà P , òàêàÿ ÷òî PAP�1 = B. Ïðîâåðèòü,÷òî � åñòü îòíîøåíèå ýêâèâàëåíòíîñòè.On the set of all n� n matries over R, de�ne A � B if there exists an invertible matrixP suh that PAP�1 = B. Chek that � de�nes an equivalene relation.�åøåíèå. �å�ëåêñèâíîñòü. Èìååì A � A, ïîñêîëüêó IAI�1 = A, ãäåI � ýòî åäèíè÷íàÿ n� n ìàòðèöà.Ñèììåòðè÷íîñòü. ÅñëèA � B, òî PAP�1 = B äëÿ íåêîòîðîé îáðàòèìîéìàòðèöû P , à òîãäà A = P�1B(P�1)�1, ò.å. B � A.Òðàíçèòèâíîñòü. Åñëè A � B è B � C, òî PAP�1 = B è QBQ�1 = Cäëÿ íåêîòîðûõ îáðàòèìûõ ìàòðèö P è Q. Íî òîãäàQ(PAP�1)Q�1 = (QP )A(QP )�1 = Cè, ñëåäîâàòåëüíî, A � C.
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3. Ìíîãî÷ëåíû íàä ïîëåì1. Èñïîëüçóÿ àëãîðèòì Åâêëèäà, íàéòè ÍÎÄ (x8�1; x6�1) â Q [x℄ è çàïèñàòüåãî â âèäå ëèíåéíîé êîìáèíàöèè x8 � 1 è x6 � 1.Use the Eulidean algorithm to �nd gd(x8 � 1; x6 � 1) in Q [x℄ and write it as a linearombination of x8 � 1 and x6 � 1.�åøåíèå. Ïîëîæèì x8 � 1 = f(x) è x6 � 1 = g(x). Äåëÿ ñ îñòàò-êîì, ïîëó÷èì f(x) = x2g(x) + (x2 � 1) è g(x) = (x4 + x2 + 1)(x2 � 1).Ñëåäîâàòåëüíî, ÍÎÄ (x8 � 1; x6 � 1) = x2 � 1 è x2 � 1 = f(x)� x2g(x).2. Èñïîëüçóÿ àëãîðèòì Åâêëèäà, ïîêàçàòü, ÷òî â êîëüöå Q [x℄ ìíîãî÷ëåíîâ ñðàöèîíàëüíûìè êîý��èöèåíòàìè ìíîãî÷ëåíû 2x3�2x2�3x+1 è 2x2�x�2âçàèìíî ïðîñòûå.Over the �eld of rational numbers Q , use the Eulidean algorithm to show that 2x3 �2x2 � 3x + 1 and 2x2 � x� 2 are relatively prime.�åøåíèå. Ïîëîæèì 2x3�2x2�3x+1 = f(x) è 2x2�x�2 = g(x). Äåëÿñ îñòàòêîì, ïîëó÷èì f(x) = (x� 1=2)g(x)� (3=2)x. Óìíîæàÿ îáå ÷àñòè íà2, ïîëó÷èì 2f(x) = (2x� 1)g(x)� 3x, îòêóäà ñëåäóåò, ÷òî ÍÎÄ (f; g) = 1.3. Íàéòè â Q [x℄ íàèáîëüøèé îáùèé äåëèòåëü x4 + x3 + 2x2 + 1 è x3 � 1 èçàïèñàòü åãî â âèäå ëèíåéíîé êîìáèíàöèè ýòèõ ìíîãî÷ëåíîâ.Over the �eld of rational numbers, �nd the greatest ommon divisor of x4 + x3 + 2x2 + 1and x3 � 1, and express it as a linear ombination of the given polynomials.�åøåíèå. Ïîëîæèì x4 + x3 + 2x2 + 1 = f(x), x3 � 1 = g(x). Äåëÿ ñîñòàòêîì f(x) íà g(x), ïîëó÷èì f(x) = (x+ 1)g(x) + 2(x2 + x+ 1), çàòåìäåëÿ g(x) íà x2 + x+ 1, ïîëó÷èì g(x) = (x� 1)(x2 + x+ 1), îòêóäàÍÎÄ (f(x); g(x)) = x2 + x+ 1 è x2 + x+ 1 = 12f(x)� 12(x+ 1)g(x):4. Íàéòè â Q [x℄ íàèáîëüøèé îáùèé äåëèòåëü 2x4�x3+x2+3x+1 è 2x3�3x2+2x+2 è çàïèñàòü åãî â âèäå ëèíåéíîé êîìáèíàöèè ýòèõ ìíîãî÷ëåíîâ.Over the �eld of rational numbers, �nd the greatest ommon divisor of 2x4�x3+x2+3x+1and 2x3 � 3x2 + 2x + 2, and express it as a linear ombination of the given polynomials.�åøåíèå. Ïîëîæèì 2x4�x3+x2+3x+1 = f(x) è 2x3�3x2+2x+2 =g(x). Èñïîëüçóÿ àëãîðèòì Åâêëèäà, ïîñëåäîâàòåëüíî ïîëó÷àåì22



f(x) = (x+ 1)g(x) + (2x2 � x� 1),g(x) = (x� 1)(2x2� x� 1) + (2x+ 1),2x2 � x� 1 = (x� 1)(2x+ 1).Ñëåäîâàòåëüíî, x+ 1=2 � ýòî íàèáîëüøèé îáùèé äåëèòåëü f(x) è g(x).Íà÷èíàÿ ñ ïîñëåäíåãî ðàâåíñòâà è äâèãàÿñü ââåðõ, ïîëó÷èì:2x+ 1 = g(x)� (x� 1)(2x2 � x� 1) == g(x)� (x� 1)[f(x)� (x+ 1)g(x)℄= g(x) + (x2 � 1)g(x)� (x� 1)f(x) = x2g(x)� (x� 1)f(x):Ýòî äàåò îêîí÷àòåëüíûé îòâåò:x+ 12 = 12x2g(x) + �� 12�(x� 1)f(x):5. Îïðåäåëèòü, ÿâëÿþòñÿ ëè ïðèâîäèìûìè íàä Q ñëåäóþùèå ìíîãî÷ëåíû:à) 3x5 + 18x2 + 24x+ 6,b) 7x3 + 12x2 + 3x+ 45,). 2x10 + 25x3 + 10x2 � 30.Are the following polynomials irreduible over Q?à) 3x5 + 18x2 + 24x+ 6,b) 7x3 + 12x2 + 3x + 45,). 2x10 + 25x3 + 10x2 � 30.�åøåíèå. à) �àçäåëèâ ìíîãî÷ëåí íà 3, ìû ïîëó÷èì ìíîãî÷ëåí x5 +6x2 + 8x+ 2, óäîâëåòâîðÿþùèé êðèòåðèþ Ýéçåíøòåéíà äëÿ p = 2. Ñëåäî-âàòåëüíî, 3x5 + 18x2 + 24x+ 6 íåïðèâîäèì.b) Ïðåîáðàçóåì ýòîò ìíîãî÷ëåí â ìíîãî÷ëåí x3+ x+1 èç Z2[x℄, ïðèâî-äÿ öåëûå êîý��èöèåíòû ê èõ âû÷åòàì ïî ìîäóëþ 2. Ìíîãî÷ëåí x3 + x+ 1íåïðèâîäèì â Z2[x℄, ïîñêîëüêó îí íå èìååò êîðíåé. Ñëåäîâàòåëüíî, íåïðè-âîäèìûì áóäåò 7x3 + 12x2 + 3x+ 45.) Ìíîãî÷ëåí óäîâëåòâîðÿåò êðèòåðèþ Ýéçåíøòåéíà äëÿ p = 5.6. �àçëîæèòü íà ìíîæèòåëè f(x) = x5 � 10x4 + 24x3 + 9x2 + 33x � 12 âQ (x).Fator f(x) = x5 � 10x4 + 24x3 + 9x2 + 33x� 12 over Q .�åøåíèå. Ìåòîäîì ïðîá äåëèòåëåé ñâîáîäíîãî ÷ëåíà íàéäåì ðàöèî-íàëüíûå (öåëûå) êîðíè f(x). Äåëèòåëè 12 åñòü �1, �2, �3, �4, �6, �12.23



Ò.ê. f(1) = 21, òî äëÿ ëþáîãî êîðíÿ z ÷èñëî 21 äåëèòñÿ íà (z�1). Òàêèì îá-ðàçîì, îñòàþòñÿ âîçìîæíîñòè �2, 4, �6. Äàëåå f(2) = 32, f(�2) = �294è, íàêîíåö, f(4) = 0. Îòäåëÿÿ ýòîò êîðåíü, ïîëó÷èì f(x) = (x � 4)(x4 �6x3 + 9x+ 3).Âòîðîé ìíîæèòåëü íåïðèâîäèì â Q (x), ïîñêîëüêó óäîâëåòâîðÿåò êðèòå-ðèþ Ýéçåíøòåéíà äëÿ p = 3.7. Íàéòè ÍÎÄ (x2 + x+ 1; x4 + x3 + x+ 1) â Z2[x℄.Find the greatest ommon divisor of x2 + x + 1 and x4 + x3 + x+ 1 in Z2[x℄.�åøåíèå. Äëÿ íàõîæäåíèÿ ÍÎÄ èñïîëüçóåì àëãîðèòì Åâêëèäà äëÿìíîãî÷ëåíîâ. Äåëÿ x4 + x3 + x+ 1 íà x2 + x+ 1 �óãîëêîì�, ïîëó÷èì:x4 + x3 + x+ 1 j x2 + x+ 1x4 + x3 + x2 x2 + 1x2 + x+ 1x2 + x+ 10Òàêèì îáðàçîì, x4 + x3 + x+ 1 äåëèòñÿ íà x2 + x+ 1:x4 + x3 + x+ 1 = (x2 + 1)(x2 + x+ 1)è, ñëåäîâàòåëüíî, ÍÎÄ (x2 + x+ 1; x4 + x3 + x+ 1) = (x2 + x+ 1).8. Íàéòè ÍÎÄ (x2 + x+ 1) è (x4 + x3 + x+ 1) â Z3[x℄.Find the greatest ommon divisor of x2 + x + 1 and x4 + x3 + x+ 1 in Z3[x℄.�åøåíèå. Äëÿ íàõîæäåíèÿ ÍÎÄ èñïîëüçóåì àëãîðèòì Åâêëèäà äëÿìíîãî÷ëåíîâ. Äåëÿ x4 + x3 + x+ 1 íà x2 + x+ 1 �óãîëêîì�, ïîëó÷èìx4 + x3 + x+ 1 jx2 + x+ 1x4 + x3 + x2 x2 � 1�x2 + x+ 1�x2 � x� 1�x� 1Òàêèì îáðàçîì, ïîëó÷àåì(x4 + x3 + x+ 1)� (x2 � 1)(x2 + x+ 1) = �(x+ 1):24



Òåïåðü, äåëÿ x2 + x+ 1 íà x+ 1, ïîëó÷èìx2 + x+ 1 jx+ 1x2 + x x1Ýòî çíà÷èò, ÷òî (x2 + x+ 1)� x(x+ 1) = 1. Ñëåäîâàòåëüíî,ÍÎÄ (x2 + x+ 1; x4 + x3 + x+ 1) = 1:Îáîçíà÷èâ äëÿ êðàòêîñòè x4 + x3 + x + 1 = f(x) è x2 + x + 1 = g(x),ðåçóëüòàòû äåëåíèé ìîæíî çàïèñàòü â âèäåf(x)� (x2 � 1)g(x) = �(x+ 1);g(x)� x(x+ 1) = 1:Ïîäñòàâëÿÿ âî âòîðîå ðàâåíñòâî âìåñòî �(x+ 1) ëåâóþ ÷àñòü ïåðâîãî ðà-âåíñòâà, ïîëó÷èìg(x) + x(f(x)� (x2 � 1)g(x)) = 1:Ïðèâîäÿ ïîäîáíûå ÷ëåíû, ïîëó÷èìxf(x) + g(x)(1� x(x2 � 1) = 1;èëè xf(x) + (�x3 + x+ 1)g(x) = 1:9. Ó ìíîãî÷ëåíà f(x) = x5+x3+2x+2 èç Z3[x℄ åñòü êðàòíûé íåïðèâîäèìûéìíîæèòåëü. Íàéòè åãî.The polynomial f(x) = x5 + x3 + 2x + 2 in Z3[x℄ has a repeated irreduible fator. Findit. �åøåíèå. Ïðîèçâîäíàÿ f(x) åñòüf 0(x) = 5x4 + 3x2 + 2 = 2x4 + 2:Äëÿ óïðîùåíèÿ äàëüíåéøèõ âû÷èñëåíèé ìîæíî áûëî áû çàìåíèòü f 0(x) íà2f 0(x) = x4+1, ÷òîáû ñäåëàòü ñòàðøèé êîý��èöèåíò ïðîèçâîäíîé ðàâíûì25



1, íî ìû íå áóäåì ýòîãî äåëàòü, ÷òîáû ïîêàçàòü, ÷òî ýòî íåîáÿçàòåëüíî.Íàïîìíèì, ÷òî â Z3 èìååì 2�1 = 2.Äëÿ íàõîæäåíèÿ ÍÎÄ ñàìîãî ìíîãî÷ëåíà è åãî ïðîèçâîäíîé èñïîëüçóåìàëãîðèòì Åâêëèäà. Îïóñêàÿ (ëåãêî âîññòàíàâëèâàåìûå) äåëåíèÿ ñ îñòàòêîìïîñëåäîâàòåëüíî, ïîëó÷àåì(x5 + x3 + 2x+ 2)� (2x)(2x4 + 2) = x3 + x+ 2;(2x4 + 2)� (2x)(x3 + x+ 2) = x2 + 2x+ 2;(x3 + x+ 2)� (x+ 1)(x2 + x+ 2) = 0:Òàêèì îáðàçîì,ÍÎÄ (f(x); f 0(x)) = x2 + 2x+ 2:Äîêàæåì íåïðèâîäèìîñòü x2 + 2x + 2. Íàïîìíèì, ÷òî ìíîãî÷ëåí âòîðîéñòåïåíè íàä ïîëåì F ïðèâîäèì, òîãäà è òîëüêî òîãäà, êîãäà îí èìååò êîðåíüâ F . Ïðîâåðèì ñóùåñòâîâàíèå êîðíåé óðàâíåíèÿ x2+2x+2 = 0 â Z3. Èìååì02 + 2 � 0 + 2 = 2; 12 + 2 � 1 + 2 = 2; 22 + 2 � 2 + 2 = 1;òàê ÷òî ó ìíîãî÷ëåíà x2 + 2x+ 2 íåò êîðíåé â Z3 è, çíà÷èò, íåò ëèíåéíûõìíîæèòåëåé. Ïîñêîëüêó x2 + 2x+ 2 ÿâëÿåòñÿ ÍÎÄ ìíîãî÷ëåíà f(x) è åãîïðîèçâîäíîé, òî åãî êâàäðàò ÿâëÿåòñÿ äåëèòåëåì f(x). Òàêèì îáðàçîì, f(x)äåëèòñÿ íà (x2 + 2x+ 2)2.10. Ïóñòü u � êîðåíü ìíîãî÷ëåíà x3 + 3x + 3. Â ïîëå Q (u) âûðàçèòü(u2 � 2u+ 7)�1 â âèäå a+ bu+ u2.Let u be a root of the polynomial x3 + 3x + 3. In Q(u), express (u2 � 2u + 7)�1 in theform a+ bu+ u2.�åøåíèå. Äåëåíèå x3+3x+3 íà x2�2x+7 äàåò ÷àñòíîå x+2 è îñòàòîê�11. Òàê ÷òî u3 + 3u+ 3 = (u+ 2)(u2 � 2u+ 7)� 11 è, ñëåäîâàòåëüíî,(u2 � 2u+ 7)�1 = 2 + u11 = 211 + 111u:
26



4. �ðóïïû1. �àññìîòðèì R3 ñî ñòàíäàðòíûì ñêàëÿðíûì ïðîèçâåäåíèåì. Áóäåò ëè R3ãðóïïîé îòíîñèòåëüíî ýòîé îïåðàöèè?Use the standard dot produt to de�ne a multipliation on R3 . Does this make R3 into agroup?�åøåíèå. Ñêàëÿðíîå ïðîèçâåäåíèå äâóõ âåêòîðîâ � ÷èñëî, à íå âåêòîð.Ýòî îçíà÷àåò, ÷òî ñêàëÿðíîå ïðîèçâåäåíèå íå ÿâëÿåòñÿ áèíàðíîé îïåðàöèåéâ R3 .2. Äëÿ âåêòîðîâ a = (x1; y1; z1) è b = (x2; y2; z2) èç R3 âåêòîðíîå ïðîèçâå-äåíèå îïðåäåëÿåòñÿ êàê âåêòîða� b = (y1z2 � z1y2; z1x2 � x1z2; x1y2 � y1x2):ßâëÿåòñÿ ëè R3 ãðóïïîé îòíîñèòåëüíî ýòîé îïåðàöèè?For vetors a = (x1; y1; z1) and b = (x2; y2; z2) in R3 , the ross produt is de�ned bya� b = (y1z2 � z1y2; z1x2 � x1z2; x1y2 � y1x2):Is R3 a group under this multipliation?�åøåíèå. Àëãåáðà hR3;�i íå ÿâëÿåòñÿ ãðóïïîé, ïîñêîëüêó âåêòîðíîåïðîèçâåäåíèå îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:Âåêòîðíîå ïðîèçâåäåíèå äâóõ íåíóëåâûõ âåêòîðîâ ïåðïåíäèêóëÿðíî êàæ-äîìó èç âåêòîðîâ-ñîìíîæèòåëåé.Âåêòîðíîå ïðîèçâåäåíèå íóëåâîãî è ëþáîãî âåêòîðà ðàâíî íóëåâîìó âåê-òîðó 0 = (0; 0; 0).Â ñàìîì äåëå, åñëè áû hR3 ;�i áûëî ãðóïïîé, òî ñóùåñòâîâàë áû âåêòîðe, ÿâëÿþùèéñÿ íåéòðàëüíûì (åäèíè÷íûì) âåêòîðîì îòíîñèòåëüíî âåêòîð-íîãî ïðîèçâåäåíèÿ. Ýòî çíà÷èò, ÷òî âûïîëíÿëîñü áû ðàâåíñòâî a � e = aäëÿ ëþáîãî a 2 R3. Ïóñòü a 6= 0. Åñëè e 6= 0, òî a� e ïåðïåíäèêóëÿðíî aè, çíà÷èò, íå ðàâíî a. Åñëè æå e = 0, òî a�e = 0, ò.å. ñíîâà îòëè÷íî îò a.Òàêèì îáðàçîì, â R3 íåò íåéòðàëüíîãî ýëåìåíòà îòíîñèòåëüíî âåêòîðíîãîïðîèçâåäåíèÿ.Åñëè èñêëþ÷èòü íóëåâîé âåêòîð, òî ìíîæåñòâî R3 n f0g � íåíóëåâûõâåêòîðîâ óæå íå áóäåò çàìêíóòûì îòíîñèòåëüíî âåêòîðíîãî ïðîèçâåäåíèÿ,ò.ê. a� a = 0, äëÿ ëþáîãî a 6= 0. 27



3. Íà ìíîæåñòâå G = Q � íåíóëåâûõ ðàöèîíàëüíûõ ÷èñåë îïðåäåëèì íîâîåóìíîæåíèå ïðàâèëîì: a � b = ab2 äëÿ âñåõ a; b 2 G. Äîêàæèòå, ÷òî G �ãðóïïà îòíîñèòåëüíî ýòîãî óìíîæåíèÿ.On the set G = Q � of nonzero rational numbers, de�ne a new multipliation by a� b = ab2 ,for all a; b 2 G. Show that G is a group under this multipliation.�åøåíèå. Åñëè a è b � íåíóëåâûå ðàöèîíàëüíûå ÷èñëà, òîãäà ab2 òàêæåíåíóëåâîå ðàöèîíàëüíîå ÷èñëî. Òàêèì îáðàçîì, ìíîæåñòâî G = Q � çàìêíó-òî îòíîñèòåëüíî îïåðàöèè �.Îïåðàöèÿ � àññîöèàòèâíà, ò.ê.a � (b � ) = a ��b2 � = a �b2 �2 = a (b)4 ;(a � b) �  = �ab2 � �  = �ab2 � 2 = (ab) 4 :×èñëî 2 ÿâëÿåòñÿ åäèíè÷íûì ýëåìåíòîì îòíîñèòåëüíî îïåðàöèè �:a � 2 = a � 22 = a; 2 � a = 2 � a2 = a:Íàêîíåö, åñëè a � íåíóëåâîå ðàöèîíàëüíîå ÷èñëî, òî ÷èñëî 4a áóäåò îá-ðàòíûì ýëåìåíòîì äëÿ a îòíîñèòåëüíî îïåðàöèè �. Â ñàìîì äåëå,a ��4a� = a �4a�2 = 2; �4a� � a = �4a� a2 = 2 :4. Âûïèøèòå òàáëèöó Êåëëè äëÿ ìóëüòèïëèêàòèâíîé ãðóïïû Z�9.Write out the multipliation table for Z�9.�åøåíèå. Z�9 = f[1℄9; [2℄9; [4℄9; [5℄9; [7℄9; [8℄9g. Ìû áóäåì ïèñàòü k âìåñòî[k℄9. . 1 2 4 5 7 81 1 2 4 5 7 82 2 4 8 1 5 74 4 8 7 2 1 55 5 1 2 7 8 47 7 5 1 8 4 28 8 7 5 4 2 128



Êîììåíòàðèé. Çàïèñûâàÿ ýëåìåíòû â äðóãîì ïîðÿäêå, ïîëó÷èì äðóãîåïðåäñòàâëåíèå ãðóïïû . 1 2 4 8 7 51 1 2 4 8 7 52 2 4 8 7 5 14 4 8 7 5 1 28 8 7 5 1 2 47 7 5 1 2 4 85 5 1 2 4 8 7Èç ïðèâåäåííûõ òàáëèö âèäíî, ÷òî êàæäûé ýëåìåíò ãðóïïû ÿâëÿåòñÿíåêîòîðîé ñòåïåíüþ 2: 4 = 22, 8 = 23, 7 = 24, 5 = 25, 1 = 26.5. Âûïèøèòå òàáëèöó Êåëëè äëÿ ìóëüòèïëèêàòèâíîé ãðóïïû Z�15.Write out the multipliation table for Z�15.�åøåíèå. Z�15 = f[1℄15; [2℄15; [4℄15; [7℄15; [8℄15; [11℄15; [13℄15; [14℄15g. Ìûáóäåì ïèñàòü âû÷åòû, êàê f1; 2; 4; 7;�7;�4;�2;�1g.. 1 -1 2 -2 4 -4 7 -71 1 -1 2 -2 4 -4 7 -7-1 -1 1 -2 2 -4 4 -7 72 2 -2 4 -4 -7 7 -1 1-2 -2 2 -4 4 7 -7 1 -14 4 -4 -7 7 1 -1 -2 2-4 -4 4 7 -7 -1 1 2 -27 7 -7 -1 1 -2 2 4 -4-7 -7 7 1 -1 2 -2 -4 46. Ïóñòü G = fx 2 R jx > 1g � ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë áîëüøèõ1. Äëÿ ýëåìåíòîâ x; y 2 G îïðåäåëèì îïåðàöèþ óìíîæåíèÿ ñîîòíîøåíèåìx � y = xy � x� y + 2:Let G = fx 2 R j x > 1g be the set of all real numbers greater than 1. For x; y 2 G,de�ne x � y = xy � x� y + 2. 29



a) Ïîêàçàòü, ÷òî G çàìêíóòî îòíîñèòåëüíî îïåðàöèè óìíîæåíèÿ �.Show that the operation � is losed on G.�åøåíèå. Åñëè a; b 2 G, òî a > 1 è b > 1, ò.å. b�1 > 0 è, ñëåäîâàòåëü-íî, a(b� 1) > (b� 1). Îòñþäà íåìåäëåííî ñëåäóåò, ÷òî ab� a� b+ 2 > 1.b) Ïîêàçàòü, ÷òî îïåðàöèÿ óìíîæåíèÿ � àññîöèàòèâíà â G.Show that the assoiative law holds for �.�åøåíèå. Äëÿ a; b;  2 G èìååìa � (b � ) = a � (b� b� + 2) == a(b� b� + 2)� a� (b� b� + 2) + 2 == ab� ab� a� b+ a+ b+ :Ñ äðóãîé ñòîðîíû ìû èìååì(a � b) �  = (ab� a� b+ 2) �  == (ab� a� b+ 2)� (ab� a� b+ 2)� + 2 == ab� ab� a� b+ a+ b+ :Ñëåäîâàòåëüíî, a � (b � ) = (a � b) � .ñ) Ïîêàçàòü, ÷òî 2 � åäèíè÷íûé ýëåìåíò äëÿ îïåðàöèè �.Show that 2 is the identity element for the operation �.�åøåíèå. Òàê êàê ââåäåííîå âûøå óìíîæåíèå êîììóòàòèâíî, òî äîñòà-òî÷íî ïîêàçàòü, ÷òî 2 � y = y äëÿ âñåõ y 2 G. Èìååì2 � y = 2y � 2� y + 2 = y:d) Ïîêàçàòü, ÷òî äëÿ êàæäîãî ýëåìåíòà a 2 G ñóùåñòâóåò îáðàòíûéýëåìåíò a�1 2 G.Show that for eah element a 2 G there exists an inverse a�1 2 G.�åøåíèå. Îáðàòíûé ýëåìåíò y äëÿ a 2 G óäîâëåòâîðÿåò óðàâíåíèþa � y = 2 èëè ay � a � y + 2 = 2, êîòîðîå èìååò åäèíñòâåííîå ðåøåíèåy = a=(a� 1) äëÿ ëþáîãî a > 1.Îñòàëîñü ïîêàçàòü, ÷òî y = a=(a�1) > 1. Íî ýòî ñëåäóåò èç î÷åâèäíîãîíåðàâåíñòâà a > a� 1. Äàëååa � (a=a� 1) = a2=(a� 1)� a� a=(a� 1) + 2 == (a2 � a2 + a� a)=(a� 1) + 2 = 2;30



òàê ÷òî y = a=(a� 1) äåéñòâèòåëüíî îáðàòíûé äëÿ a ýëåìåíò.7. Íàéòè âñå öèêëè÷åñêèå ïîäãðóïïû ãðóïïû Z�24.Find all yli subgroups of Z�24.�åøåíèå. Z�24 ñîñòîèò èç âñåõ îáðàòèìûõ ýëåìåíòîâ â Z24. ×èñëî òàêèõýëåìåíòîâ ðàâíî '(24) = '(23 � 3) = '(23)'(3) = (23 � 22) � 2 = 4 � 2 = 8,à èìåííî Z�24 = f1; 5; 7; 11; 13; 17; 19; 23g. Ëåãêî ïðîâåðèòü, ÷òî x2 = 1äëÿ âñåõ ýëåìåíòîâ ãðóïïû. Ýòî îçíà÷àåò, ÷òî êàæäûé îòëè÷íûé îò [1℄24ýëåìåíò ãðóïïû ïîðîæäàåò öèêëè÷åñêóþ ïîäãðóïïó ïîðÿäêà 2, âêëþ÷àþùóþòîëüêî ñàì ýëåìåíò è [1℄24. Ñëåäîâàòåëüíî, èìååòñÿ 8 � 1 = 7 ðàçëè÷íûõíåòðèâèàëüíûõ öèêëè÷åñêèõ ïîäãðóïï ãðóïïû Z�24.8. Â ãðóïïå Z�20 íàéòè äâå ïîäãðóïïû ïîðÿäêà 4, öèêëè÷åñêóþ è íå öèêëè-÷åñêóþ.In Z�20, �nd two subgroups of order 4, one that is yli and one that is not yli.�åøåíèå. Äëÿ òîãî, ÷òîáû íàéòè öèêëè÷åñêóþ ïîäãðóïïó ïîðÿäêà 4 âZ�20, íóæíî íàéòè ïîðÿäêè ýëåìåíòîâ ãðóïïû Z�20 = f�1;�3;�7;�9g. Ëåãêîïðîâåðèòü, ÷òî [3℄ èìååò ïîðÿäîê 4 è, çíà÷èò, G = h[3℄i ÿâëÿåòñÿ öèêëè÷å-ñêîé ïîäãðóïïîé ïîðÿäêà 4. Ýëåìåíò [9℄ = [3℄2 èìååò, î÷åâèäíî, ïîðÿäîê 2.Íàêîíåö, ïîäìíîæåñòâî H = f�[1℄;�[9℄g çàìêíóòî îòíîñèòåëüíî óìíîæå-íèÿ è, áîëåå òîãî, ÿâëÿåòñÿ ïîäãðóïïîé. Êðîìå òîãî, H íå öèêëè÷åñêàÿ, òàêêàê H íå ñîäåðæèò ýëåìåíòîâ ïîðÿäêà 4.9. à) Íàéòè öèêëè÷åñêóþ ïîäãðóïïó â ãðóïïå S7 ïîäñòàíîâîê ñòåïåíè 7,ïîðîæäåííóþ ïîäñòàíîâêîé � = (1; 2; 3)(5; 7).à) Find the yli subgroup of S7 generated by the element � = (1; 2; 3)(5; 7).�åøåíèå. Ïîñëåäîâàòåëüíî âû÷èñëÿÿ �k, ïîëó÷èì�2 = ((1; 2; 3)(5; 7))2 = (1; 3; 2);�3 = ((1; 2; 3)(5; 7))3 = (5; 7);�4 = ((1; 2; 3)(5; 7))4 = (1; 2; 3);�5 = ((1; 2; 3)(5; 7))5 = (1; 3; 2)(5; 7);�6 = ((1; 2; 3)(5; 7))6 = (1):Ýòè ýëåìåíòû âìåñòå ñ (1; 2; 3)(5; 7) îáðàçóþò öèêëè÷åñêóþ ïîäãðóïïó, ïî-ðîæäåííóþ �. 31



b) Íàéòè ïîäãðóïïó â ãðóïïå S7, ñîäåðæàùóþ 12 ýëåìåíòîâ. Íå íóæ-íî ïåðå÷èñëÿòü âñå ýëåìåíòû ãðóïïû. Ïîñòàðàéòåñü îáîñíîâàòü, ÷òî èõ âãðóïïå 12, è ïî÷åìó îíè îáðàçóþò ãðóïïó.b) Find a subgroup of S7 that ontains 12 elements. You do not have to list all of theelements if you an explain why there must be 12, and why they must form a subgroup.�åøåíèå. Âñå, ÷òî íàì íóæíî � ýòî íàéòè ïîäñòàíîâêó ïîðÿäêà 12.Òàê êàê ïîðÿäîê ïðîèçâåäåíèÿ íåçàâèñèìûõ öèêëîâ (òàêèå öèêëû êîììó-òèðóþò) ðàâåí íàèìåíüøåìó îáùåìó êðàòíîìó ïîðÿäêîâ ñîìíîæèòåëåé, òîäîñòàòî÷íî íàéòè äâà íåçàâèñèìûõ öèêëà ïîðÿäêîâ 3 è 4. Òàê êàê öèêë äëè-íû k èìååò ïîðÿäîê k, òî äîñòàòî÷íî âçÿòü äâà öèêëà äëèíû 3 è 4. Ìîæíîâçÿòü, íàïðèìåð, öèêëû (1; 2; 3; 4) è (5; 6; 7), òîãäà (1; 2; 3; 4)(5; 6; 7) ïîðîæ-äàåò öèêëè÷åñêóþ ïîäãðóïïó ïîðÿäêà 12.10. Ïóñòü G � àáåëåâà ãðóïïà, è ïóñòü n � �èêñèðîâàííîå ïîëîæèòåëüíîåöåëîå ÷èñëî. Äîêàçàòü, ÷òî N = fg 2 G j g = an äëÿ íåêîòîðîãî a 2 Ggåñòü ïîäãðóïïà ãðóïïû G.Let G be an abelian group, and let n be a �xed positive integer. Show that N = fg 2G j g = an for some a 2 Gg is a subgroup of G.�åøåíèå.1) ÏîäìíîæåñòâîN íå ïóñòîå, ò.ê. åäèíè÷íûé ýëåìåíò e ãðóïïû G ìîæåòáûòü çàïèñàí â âèäå e = en.2) Ïðåäïîëîæèì, ÷òî g1 è g2 ïðèíàäëåæàò N . Òîãäà ñóùåñòâóþò ýëåìåí-òû a1; a2 2 G òàêèå, ÷òî g1 = an1 è g2 = an2 . Äàëåå g1g2 = an1an2 = (a1a2)n.Ïîñëåäíåå ðàâåíñòâî âûïîëíÿåòñÿ â ñèëó êîììóòàòèâíîñòè G. Òàêèì îáðà-çîì, N çàìêíóòî îòíîñèòåëüíî óìíîæåíèÿ.3) Íàêîíåö, åñëè g 2 N , ãäå g = an, òîãäà g�1 = (an)�1 = (a�1)n è,çíà÷èò, g�1 ïðèíàäëåæèò N . Ñëåäîâàòåëüíî, N � ïîäãðóïïà.11. Ïðåäïîëîæèì, ÷òî p � ïðîñòîå ÷èñëî âèäà 2n + 1.Suppose that p is a prime number of the form 2n + 1.à) Äîêàçàòü, ÷òî [2℄p èìååò â Z�p ïîðÿäîê 2n.à) Show that in Z�p the order of [2℄p is 2n.�åøåíèå. Ò.ê. p = 2n+1, òî 2n � �1 mod p è, âîçâîäÿ â êâàäðàò ýòîñðàâíåíèå, ïîëó÷èì 22n � 1 mod p, òàêèì îáðàçîì, ïîðÿäîê [2℄ ÿâëÿåòñÿäåëèòåëåì 2n. Ò.ê. äëÿ êàæäîãî ñîáñòâåííîãî äåëèòåëÿ k ÷èñëà 2n èìååì32



k 6 n, è 2k�1 < 2n+1 = p, òî 2k �= 1 mod p. Ýòî ïîêàçûâàåò, ÷òî ïîðÿäîê[2℄ ðàâåí 2n.b) Èñïîëüçóÿ ÷àñòü à), äîêàçàòü, ÷òî n åñòü ñòåïåíü 2.b) Use part a) to prove that n must be a power of 2.�åøåíèå. Ïîðÿäîê [2℄ ÿâëÿåòñÿ äåëèòåëåì jZ�pj = p� 1 = 2n, òîãäà èçà) ñëåäóåò, ÷òî n åñòü äåëèòåëü 2n�1 è, ñëåäîâàòåëüíî, n � ñòåïåíü 2.12. Íàéòè ïîðÿäîê ýëåìåíòà A = 0� i 0 00 �1 00 0 �i 1A â ãðóïïå GL3(C ).Find the order of the element A = 0� i 0 00 �1 00 0 �i 1A in the group GL3(C ).�åøåíèå. Äëÿ ëþáîé äèàãîíàëüíîé ìàòðèöû A 2 GL3(C ) èìååìAn = 0� a 0 00 b 00 0  1An = 0� an 0 00 bn 00 0 n 1A :Ïîðÿäîê A ðàâåí, î÷åâèäíî, íàèìåíüøåìó îáùåìó êðàòíîìó ïîðÿäêîâ äèà-ãîíàëüíûõ ýëåìåíòîâ i, �1 è �i. Òàêèì îáðàçîì, ord(A) = 4.13. Â ìóëüòèïëèêàòèâíîé ãðóïïå C � íåíóëåâûõ êîìïëåêñíûõ ÷èñåë íàéòèïîðÿäîê ýëåìåíòîâ �p22 + p22 i è �p22 � p22 i.In the multipliative group C � of omplex numbers,�nd the order of the elements �p22 +p22 iand �p22 � p22 i.�åøåíèå. Ñàìûì ëåãêèì ñïîñîáîì ðåøåíèÿ ÿâëÿåòñÿ ïðåîáðàçîâàíèåýòèõ ÷èñåë èç àëãåáðàè÷åñêîé �îðìû â òðèãîíîìåòðè÷åñêóþ èëè ýêñïîíåí-öèàëüíóþ. Êàæäîå èç ýòèõ ÷èñåë èìååò àáñîëþòíóþ âåëè÷èíó, ðàâíóþ 1 èïîòîìó èõ ìîæíî çàïèñàòü â òðèãîíîìåòðè÷åñêîé �îðìå�p22 + p22 i = os(3�=4) + i sin(3�=4);�p22 � p22 i = os(5�=4) + i sin(5�=4):Äëÿ íàõîæäåíèÿ ñòåïåíåé ýòèõ ÷èñåë âîñïîëüçóåìñÿ �îðìóëîé äå Ìóàâðà:(os(3�=4) + i sin(3�=4))8 = os(6�) + i sin(6�) = 1:33



Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì, ÷òî �p22 � p22 i òàêæå èìååò ïîðÿäîê 8.14. Äëÿ ãðóïïû G = GL2(R) îáðàòèìûõ 2 � 2 ìàòðèö ñ âåùåñòâåííûìèýëåìåíòàìè äîêàçàòü, ÷òîH = �� os � � sin �sin � os � ����� � 2 R�� ïîäãðóïïà â G.In the group G = GL2(R) of invertible 2� 2 matries with real entries, show thatH = �� os � � sin �sin � os � ����� � 2 R�is a subgroup of G.�åøåíèå. Çàìêíóòîñòü. ×òîáû äîêàçàòü, ÷òî Í çàìêíóòî îòíîñèòåëüíîóìíîæåíèÿ, ñëåäóåò èñïîëüçîâàòü �îðìóëû äëÿ ñèíóñà è êîñèíóñà ñóììûäâóõ óãëîâ. Èìååì� os � � sin �sin � os � �� os� � sin�sin� os� � == � os � os�� sin � sin� � os � sin�� sin � os�sin � os�+ os � sin� � sin � sin�+ os � os� � == � os � os�� sin � sin� �(os � sin�+ sin � os�)sin � os�+ os � sin� os � os�� sin � sin� � == � os(� + �) � sin(� + �)sin(� + �) os(� + �) � 2 H:Ñóùåñòâîâàíèå åäèíèöû. Äëÿ ïðîâåðêè òîãî, ÷òî åäèíè÷íàÿ ìàòðèöàïðèíàäëåæèò ìíîæåñòâó Í, ïîëîæèì � = 0.Îáðàòèìîñòü. � os � � sin �sin � os � ��1 = � os(��) � sin(��)sin(��) os(��) � 2 H.15. Ïóñòü K � ïîäìíîæåñòâî èç GL2(R), îïðåäåëÿåìîå êàêK = �� a b d �����d = a;  = �2b; ad� b 6= 0� :Äîêàçàòü, ÷òî K � ïîäãðóïïà GL2(R).34



Let K be the following subset of GL2(R)K = �� a b d � ����d = a;  = �2b; ad� b 6= 0� :Show that K is a subgroup of GL2(R).�åøåíèå. Çàìêíóòîñòü.� a1 b1�2b1 a1 �� a2 b2�2b2 a2 � = � a1a2 � 2b1b2 a1b2 + b1a2�2(a1b2 + b1a2) a1a2 � 2b1b2 � :Ïîëó÷åííàÿ ìàòðèöà íåâûðîæäåííà, òàê êàê îíà ÿâëÿåòñÿ ðåçóëüòàòîì ïðî-èçâåäåíèÿ äâóõ íåâûðîæäåííûõ ìàòðèö (det(AB) = det(A) det(B)).Åäèíè÷íàÿ ìàòðèöà ïðèíàäëåæèò K è� a b�2b a ��1 = 1a2 + 2b2 � a �b�2(�b) a � :Êðîìå òîãî, îáðàòíàÿ ìàòðèöà íåâûðîæäåííîé ìàòðèöû òàêæå íåâûðîæ-äåííà (det(A�1) = 1= det(A)).Çàìåòèì, ÷òî îïðåäåëèòåëü ëþáîé ìàòðèöû èçK ðàâåí a2+2b2 è ïîòîìóâñåãäà ïîëîæèòåëüíûé.16. Íàéòè êîììóòàíò ìàòðèöû � 2 11 1 � â G = GL2(R).Compute the entralizer in G = GL2(R) of the matrix � 2 11 1 �.Çàìå÷àíèå. Ñîãëàñíî îïðåäåëåíèþ, êîììóòàíò ýëåìåíòà a ãðóïïûG îïðå-äåëÿåòñÿ êàê ïîäìíîæåñòâî C(a) = fx 2 G j xa = axg:�åøåíèå. Ïóñòü A = � 2 11 1 �, è ïðåäïîëîæèì ÷òî, X = � a b d �ïðèíàäëåæèò êîììóòàíòó ìàòðèöû A â GL2(R). Òîãäà äîëæíî âûïîëíÿòüñÿðàâåíñòâî XA = AX, èëè� 2a+ b a+ b2+ d + d � = � a b d �� 2 11 1 � == � 2 11 1 �� a b d � = � 2a+  2b+ da+  b+ d �:35



Ïðèðàâíèâàÿ ñîîòâåòñòâóþùèå ýëåìåíòû, ïîëó÷èì ñèñòåìó ëèíåéíûõ óðàâ-íåíèé8>><>>: 2a+ b = 2a+ ;a+ b = 2b+ d;2+ d = a+ ;+ d = b+ d:Èç ïåðâîãî è ïîñëåäíåãî óðàâíåíèé ñëåäóåò, ÷òî b = . Èç âòîðîãî è òðåòüåãîóðàâíåíèé ñëåäóåò, ÷òî a = b+ d = + d èëè d = a� b.Ñ äðóãîé ñòîðîíû ëþáàÿ ìàòðèöà òàêîãî âèäà êîììóòèðóåò ñ A, ñëå-äîâàòåëüíî, êîììóòàíò ìàòðèöû � 2 11 1 � â G = GL2(R) åñòü ïîäãðóïïàâèäà�� a bb a� b � ���� a; b 2 R ; ab 6= a2 � b2� :17. Ïóñòü G � ïîäãðóïïà â G = GL2(R), îïðåäåëåííàÿ êàêG = �� m b0 1 � ����m 6= 0� :Ïóñòü A = � 1 10 1 � è B = � �1 00 1 �. Íàéòè öåíòðàëèçàòîðû C(A) èC(B) ìàòðèö A è B è äîêàçàòü, ÷òî C(A) \ C(B) = Z(G), ãäå Z(G) �öåíòð G.Let G be the subgroup of G = GL2(R) de�ned by G = �� m b0 1 � ����m 6= 0�. LetA = � 1 10 1 � and B = � �1 00 1 �. Find the entralizers C(A) and C(B), and show thatC(A) \ C(B) = Z(G), where Z(G) is the enter of G.�åøåíèå. Ñîãëàñíî îïðåäåëåíèþ, öåíòðàëèçàòîð ìàòðèöû ñîñòîèò èçâñåõ ìàòðèö, ïåðåñòàíîâî÷íûõ ñ ýòîé ìàòðèöåé, à öåíòð ãðóïïû � ïåðåñå-÷åíèå âñåõ öåíòðàëèçàòîðîâ. Ïðåäïîëîæèì, ÷òîX = � m b0 1 � 36



ïðèíàäëåæèò C(A) â G. Òîãäà äîëæíî âûïîëíÿòüñÿ óñëîâèå XA = AX,èëè � m m+ b0 1 � = � m b0 1 �� 1 10 1 � == � 1 10 1 �� m b0 1 � = � m b+ 10 1 �:Ïðèðàâíèâàÿ ñîîòâåòñòâóþùèå ýëåìåíòû, ïîëó÷èì m + b = b + 1, îòñþ-äà ñëåäóåò, ÷òî m = 1. Ñ äðóãîé ñòîðîíû ëþáàÿ ìàòðèöà òàêîé �îðìûêîììóòèðóåò ñ A è, çíà÷èò,C(A) = �� 1 b0 1 ����� b 2 R�:Òåïåðü ïðåäïîëîæèì, ÷òî X = � m b0 1 � ïðèíàäëåæèò C(B). Òîãäàäîëæíî âûïîëíÿòüñÿ óñëîâèå XB = BX èëè� �m b0 1 � = � m b0 1 �� �1 00 1 � == � �1 00 1 �� m b0 1 � = � �m �b0 1 �:Ïðèðàâíèâàÿ ñîîòâåòñòâóþùèå ýëåìåíòû, ïîëó÷èì b = 0 è, çíà÷èò,C(B) = �� m 00 1 ����� 0 6= m 2 R�:Îòñþäà ñëåäóåò, ÷òî C(A)\C(B) = fIg, ãäå I � åäèíè÷íàÿ ìàòðèöà, à òàêêàê ëþáîé ýëåìåíò öåíòðà Z(G) ãðóïïû G ïðèíàäëåæèò C(A) \ C(B), òîZ(G) � òðèâèàëüíàÿ ïîäãðóïïà, ñîäåðæàùàÿ òîëüêî åäèíè÷íóþ ìàòðèöó.18. Ïîêàçàòü, ÷òî Z5 �Z3 � öèêëè÷åñêàÿ ãðóïïà, è íàéòè âñå îáðàçóþùèåäëÿ íåå.Show that Z5 � Z3 is a yli group, and list all of the generators for the group.�åøåíèå. �àññìîòðèì ýëåìåíò ([a℄5; [b℄3) â Z5 � Z3. Àääèòèâíûé ïî-ðÿäîê ýòîãî ýëåìåíòà åñòü íàèìåíüøåå îáùåå êðàòíîå ïîðÿäêîâ êîìïîíåíò[a℄5 è [b℄3. Ïîñêîëüêó [1℄5, [2℄5, [3℄5, [4℄5 èìåþò ïîðÿäîê 5 â Z5, à [1℄3, [2℄3 �37



ïîðÿäîê 3 â Z3, òî ýëåìåíò ([a℄5; [b℄3) áóäåò îáðàçóþùèì, åñëè è òîëüêî åñëèîáå êîìïîíåíòû îòëè÷íû îò íóëÿ, ò.å. [a℄5 6= [0℄5 è [b℄5 6= [0℄5. Î÷åâèäíî,÷òî â Z5 � Z3 åñòü òî÷íî 8 = 4 � 2 òàêèõ ýëåìåíòîâ.Êîììåíòàðèé. Îñòàëüíûå 7 ýëåìåíòîâ ãðóïïû Z5 � Z3 áóäóò èìåòü ïîêðàéíåé ìåðå îäíó íóëåâóþ êîìïîíåíòó. Åñòü 4 íåíóëåâûõ ýëåìåíòà ïîðÿäêà5 (ñ [b℄5 = [0℄3) è 2 íåíóëåâûõ ýëåìåíòà ïîðÿäêà 3 (ñ [a℄5 = [0℄5). Íóëåâîéýëåìåíò ([0℄5; [0℄3) çàâåðøàåò ñïèñîê âñåõ 15 ýëåìåíòîâ Z5 � Z3.19. Íàéòè ïîðÿäîê ýëåìåíòà ([9℄12; [15℄18) â ãðóïïå Z12 � Z18.Find the order of the element ([9℄12; [15℄18) in the group Z12 � Z18.�åøåíèå. Ïîñêîëüêó ÍÎÄ (9; 12) = 3, òî ord([9℄12) = ord([3℄12) = 4.Òî÷íî òàê æå, èç ÍÎÄ (15; 18) = 3 ñëåäóåò, ÷òî ord([15℄18) = ord([3℄18) = 6.Òàêèì îáðàçîì, ïîðÿäîê ([9℄12; [15℄18) åñòü ÍÎÊ (4; 6) = 12.20. Íàéòè 2 ãðóïïû G1 è G2, ÷üå ïðÿìîå ïðîèçâåäåíèå G1 �G2 ñîäåðæèòïîäãðóïïó, îòëè÷íóþ îò ïîäãðóïï âèäà H1 �H2, äëÿ ïîäãðóïï H1 � G1 èH2 � G2.Find two groups G1 and G2 whose diret produt G1 �G2 has a subgroup that is not ofthe form H1 �H2, for subgroups H1 � G1 and H2 � G2.�åøåíèå. Â Z2�Z2 ýëåìåíò (1; 1) èìååò ïîðÿäîê 2, òàê, ÷òî îí ïîðîæ-äàåò öèêëè÷åñêóþ ïîäãðóïïó f(0; 0); (1; 1)g, íå ÿâëÿþùóþñÿ ïðîèçâåäåíèåìïîäãðóïï.Çàìå÷àíèå. Ïîäãðóïïà âèäà H1 � H2, ãäå H1 � G1 è H2 � G2 èìååòïîðÿäîê jH1j � jH2j, ðàâíûé ïðîèçâåäåíèþ ïîðÿäêîâ jH1j, jH2j ïîäãðóïï H1è H2. Åñëè H1 è H2 íåòðèâèàëüíû (ò.å. H1 è H2 6= feg), òî jH1j, jH2j > 2è, çíà÷èò, jH1j � jH2j > 4.21. Äëÿ ãðóïïû G = Z�36 îáðàòèìûõ ýëåìåíòîâ êîëüöà Z36 ïîëîæèì H =f[x℄ j x � 1 mod 4g è K = f[y℄ j y � 1 mod 9g. Ïîêàçàòü, ÷òî H è K �ïîäãðóïïû G è îïèñàòü ïîäãðóïïó HK.In the group G = Z�36, let H = f[x℄ j x � 1 mod 4g and K = f[y℄ j y � 1 mod 9g.Show that H and K are subgroups of G, and �nd the subgroup HK.�åøåíèå. Ïóñòü '4 : Z36 ! Z4, '4(x) = [x℄4; è '9 : Z36 ! Z9, '9(x) =[x℄9 � êàíîíè÷åñêèå ãîìîìîð�èçìû. Èç êèòàéñêîé òåîðåìû îá îñòàòêàõñëåäóåò, ÷òî äåêàðòîâî ïðîèçâåäåíèå ýòèõ ãîìîìîð�èçìîâ ' = '4 � '9 :38



Z36 ! Z4 � Z9, '(x) = ([x℄4; [x℄9) åñòü èçîìîð�èçì. Èñïîëüçóÿ ýòîò èçî-ìîð�èçì, ëåãêî ïîêàçàòü, ÷òî ïðîèçâåäåíèå '� = '�4 � '�9 : Z�36 ! Z�4 � Z�9ñóæåíèé '�4 è '�9 ãîìîìîð�èçìîâ '4 è '9 íà ãðóïïû Z�4 è Z�9 ñîîòâåòñòâåííîåñòü èçîìîð�èçì ãðóïï. Îí ñîâïàäàåò ñ ñóæåíèåì ïðîèçâåäåíèÿ ' = '4�'9íà ãðóïïó Z�36. Îòñþäà ñëåäóåò, ÷òî H = ker'�4 è K = ker'�9, òàêèì îáðà-çîì, K, H � ïîäãðóïïû ãðóïïû Z�36. Êîðîòêîå âû÷èñëåíèå ïîêàçûâàåò, ÷òîH = f[1℄; [5℄; [13℄; [17℄; [25℄; [29℄g èK = f[1℄; [19℄g. Ïîñêîëüêó x�[1℄ 6= x�[19℄äëÿ x 2 G, òî ïðîèçâåäåíèåHK äîëæíî ñîäåðæàòü 12 ýëåìåíòîâ è, çíà÷èò,HK = G.22. Ïîêàçàòü, ÷òî åñëè p � ïðîñòîå ÷èñëî, òî ïîðÿäîê ïîëíîé ëèíåéíîéãðóïïûGLn(Zp) íàä êîíå÷íûì ïîëåì Zp ðàâåí (pn�1)(pn�p) � � � (pn�pn�1).Show that if p is a prime number, then the order of the general linear group GLn(Zp) is(pn � 1)(pn � p) � � � (pn � pn�1).�åøåíèå. Íóæíî ïîäñ÷èòàòü ÷èñëî ñïîñîáîâ, êîòîðûìè ìîæåò áûòüîáðàçîâàíà îáðàòèìàÿ ìàòðèöà. Ìàòðèöà n-ãî ïîðÿäêà ñîñòîèò èç n ñòîëá-öîâ è îíà áóäåò îáðàòèìîé òîãäà è òîëüêî òîãäà, êîãäà ýòè ñòîëáöû ëèíåéíîíåçàâèñèìû. Áóäåì ïîñëåäîâàòåëüíî âûáèðàòü ñòîëáöû îáðàòèìîé ìàòðè-öû. Îòìåòèì, ÷òî ÷èñëî ðàçëè÷íûõ ñòîëáöîâ âûñîòû n, ñîñòàâëåííûõ èç pýëåìåíòîâ ïîëÿ Zp, ðàâíî pn.Ïåðâûé ñòîëáåö ìîæåò áûòü ëþáûì íåíóëåâûì ñòîëáöîì èç n ýëåìåíòîâïîëÿ Zp, òàê ÷òî åãî ìîæíî âûáðàòü pn � 1 ñïîñîáîì.Âòîðîé ñòîëáåö íå äîëæåí áûòü êîëëèíåàðíûì ïåðâîìó ñòîëáöó. Ïî-ñêîëüêó â ïîëå Zp èìååòñÿ âñåãî p ýëåìåíòîâ, òî èìååòñÿ â òî÷íîñòè pêðàòíûõ ñòîëáöîâ è, çíà÷èò, 2-îé ñòîëáåö ìîæåò áûòü âûáðàí pn � p ñïî-ñîáàìè.Òðåòèé ñòîëáåö íå äîëæåí áûòü ðàâíûì ëèíåéíîé êîìáèíàöèåé ïåðâûõäâóõ. Òàê êàê èìååòñÿ â òî÷íîñòè p2 òàêèõ êîìáèíàöèé, òî èç îáùåãî ÷èñëàpn ñòîëáöîâ äëèíû n ìû äîëæíû âû÷åñòü p2, òàê ÷òî îñòàåòñÿ âñåãî pn�p2ñïîñîáîâ âûáîðà òðåòüåãî ñòîëáöà.Ïðîäîëæàÿ ðàññóæäåíèÿ àíàëîãè÷íûì îáðàçîì, ìîæíî ïîêàçàòü (èñ-ïîëüçóÿ, íàïðèìåð, ìàòåìàòè÷åñêóþ èíäóêöèþ), ÷òî äëÿ âûáîðà k-ãî ñòîëá-öà èìååòñÿ pn � pk�1 ñïîñîáîâ, òàê êàê îí íå äîëæåí áûòü ëèíåéíîé êîì-áèíàöèåé ïåðâûõ k � 1 ñòîëáöîâ, à òàêèõ êîìáèíàöèé î÷åâèäíî pk�1.23. Ïóñòü äàíû ãðóïïà G è åå ïîäãðóïïà H. Äîêàçàòü, ÷òî åñëè a � ïðî-39



èçâîëüíûé ýëåìåíò èç G, òî ïîäìíîæåñòâîaHa�1 = fg 2 G j g = aha�1 äëÿ íåêîòîðîãî h 2 Hgÿâëÿåòñÿ ïîäãðóïïîé G, èçîìîð�íîé H.Let G be a group, and let H be a subgroup of G. Prove that if a is any element of G,then the subset aHa�1 = fg 2 G j g = aha�1 for some h 2 Hg is a subgroup of G that isisomorphi to H.�åøåíèå. Ôóíêöèÿ � : G ! G, îïðåäåëÿåìàÿ êàê �(x) = axa�1 äëÿâñåõ x 2 G, ÿâëÿåòñÿ èçîìîð�èçìîì ãðóïïû G íà ñåáÿ, ò.å àâòîìîð�èç-ìîì. Ïðè ýòîì �(H) = aHa�1. Ïîñêîëüêó îáðàç ëþáîé ïîäãðóïïû èç Gîòíîñèòåëüíî àâòîìîð�èçìà ÿâëÿåòñÿ ïîäãðóïïîé â G, òî �(H) = aHa�1� ïîäãðóïïà â G. Ïðè ýòîì ñóæåíèå �jH = � : H ! aHa�1, �(x) = axa�1àâòîìîð�èçìà � íà ïîäãðóïïó H áóäåò, î÷åâèäíî, èçîìîð�èçìîì ýòîé ïîä-ãðóïïû íà ïîäãðóïïó aHa�1.24. Äàíû ãðóïïû G, G1, G2. Äîêàçàòü, ÷òî åñëè G èçîìîð�íà ïðîèçâåäå-íèþ ãðóïï G1�G2, òî ñóùåñòâóþò ïîäãðóïïû H è K ãðóïïû G, òàêèå, ÷òîH \K = feg, HK = G è hk = kh äëÿ âñåõ h 2 H è k 2 K.Let G, G1, G2 be groups. Prove that if G is isomorphi to G1 � G2, then there aresubgroups H and K in G suh that H \K = feg, HK = G, and hk = kh for all h 2 H andk 2 K.�åøåíèå. Ïóñòü îòîáðàæåíèå � : G1 �G2 ! G � èçîìîð�èçì. Ïîëî-æèìH� = f(x1; x2) j x1 2 G1; x2 = e2g; K� = f(x1; x2) j x2 2 G2; x1 = e1g;ãäå e1 è e2 � ñîîòâåòñòâåííî åäèíè÷íûå ýëåìåíòû ãðóïïG1 èG2. ÏîäãðóïïûH� è K� ãðóïïû G1 � G2 îáëàäàþò òðåáóåìûìè ñâîéñòâàìè: H� \ K� =fe = (e1; e2)g, H�K� = G1�G2 è h�k� = k�h� äëÿ âñåõ h� 2 H� è k� 2 K�.Ïóñòü òåïåðü H = �(H�) è K = �(K�) � îáðàçû ïîäãðóïï H� èK�ñîîòâåòñòâåííî. ßñíî, ÷òî H è K � ïîäãðóïïû G, òàê ÷òî îñòàëîñüïîêàçàòü, ÷òî H \K = feg, HK = G, è hk = kh äëÿ âñåõ h 2 H è k 2 K.Ïóñòü y 2 G, y = �(x) äëÿ x 2 G1 � G2. Åñëè y 2 H \K, òî y 2 Hè y 2 K. Íî òîãäà x 2 H� \ K� è, çíà÷èò, x = (e1; e2). Òàêèì îáðàçîì,y = �((e1; e2)) = e ïîêàçûâàåò, ÷òîH\K = feg. Òàê êàê y � ïðîèçâîëüíûéýëåìåíò G, òî x = h�k� äëÿ íåêîòîðûõ h� 2 H� è k� 2 K�. Îòñþäà40



ñëåäóåò, ÷òî y = �(h�k�) = �(h�)�(k�) è, çíà÷èò, G = HK. Òàêèì îáðàçîìîïðåäåëåííûå âûøå ïîäãðóïïûH èK óäîâëåòâîðÿþò òðåáóåìûì óñëîâèÿì.25. Ïîêàçàòü, ÷òî äëÿ ëþáîãî ïðîñòîãî ÷èñëà p ïîäãðóïïà äèàãîíàëüíûõìàòðèö èç GL2(Zp) èçîìîð�íà Z�p � Z�p.Show that for any prime number p, the subgroup of diagonal matries in GL2(Zp) isisomorphi to Z�p� Z�p.�åøåíèå. Òàê êàê êàæäàÿ ìàòðèöà â GL2(Zp) èìååò íåíóëåâîé îïðåäå-ëèòåëü, òî îòîáðàæåíèå � : Z�p � Z�p ! GL2(Zp), îïðåäåëÿåìîå ïî ïðàâèëó�(x1; x2) = � x1 00 x2 �äëÿ âñåõ (x1; x2) 2 Z�p � Z�p, áèåêòèâíî îòîáðàæàåò Z�p � Z�p íà ïîäãðóïïóâñåõ äèàãîíàëüíûõ ìàòðèö. Ýòî îòîáðàæåíèå ÿâëÿåòñÿ ãîìîìîð�èçìîì, ïî-ñêîëüêó ñîõðàíÿåò îïåðàöèè â ãðóïïàõ. Â ñàìîì äåëå, äëÿ (a1; a2); (b1; b2) 2Z�p � Z�p ìû èìååì�((a1; a2)(b1; b2)) = �((a1b1; a2b2)) == � a1b1 00 a2b2 � = � a1 00 a2 �� b1 00 b2 � == �((a1; a2))�((b1; b2)):Òàêèì îáðàçîì, � åñòü òðåáóåìûé èçîìîð�èçì.26. a) Äëÿ ãðóïïû G = GL2(R) îáðàòèìûõ ìàòðèö ïîðÿäêà 2 ñ âåùåñòâåí-íûìè ýëåìåíòàìè ïîêàçàòü, ÷òîH = �� a11 a12a21 a22 � 2 GL2(R)��� a11 = 1; a21 = 0; a22 = 1�� ïîäãðóïïà G.a) In the group G = GL2(R) of invertible 2� 2 matries with real entries, show thatH = �� a11 a12a21 a22 � 2 GL2(R)���a11 = 1; a21 = 0; a22 = 1�is a subgroup of G.b) Ïîêàçàòü, ÷òî H èçîìîð�íà àääèòèâíîé ãðóïïå R , ò.å. ãðóïïå âñåõâåùåñòâåííûõ ÷èñåë ïî ñëîæåíèþ. 41



b) Show that H is isomorphi to the group R of all real numbers, under addition.�åøåíèå. a) Ïîêàæåì ñíà÷àëà çàìêíóòîñòü H îòíîñèòåëüíî óìíîæå-íèÿ ìàòðèö:� 1 a0 1 �� 1 b0 1 � = � 1 a + b0 1 � :Åäèíè÷íàÿ ìàòðèöà, î÷åâèäíî, ïðèíàäëåæèò H.Íàêîíåö, îáðàòíûå ìàòðèöû äëÿ ìàòðèö èç H òàêæå ïðèíàäëåæàò H:� 1 a0 1 ��1 = � 1 �a0 1 � 2 H:Ñëåäîâàòåëüíî, H � ïîäãðóïïà ãðóïïû G.b) Îïðåäåëèì îòîáðàæåíèå � : R ! H, ïîëàãàÿ �(x) = � 1 x0 1 �äëÿ âñåõ x 2 R . Ëåãêî ïðîâåðèòü, ÷òî � � èçîìîð�èçì. Ýòî �àêòè÷åñêèñëåäóåò èç ðàâåíñòâà� 1 a0 1 �� 1 b0 1 � = � 1 a + b0 1 � ;êîòîðîå ìû èñïîëüçîâàëè âûøå äëÿ äîêàçàòåëüñòâà çàìêíóòîñòè H. Â ñà-ìîì äåëå, â òåðìèíàõ íàøåãî îòîáðàæåíèÿ åãî ìîæíî çàïèñàòü êàê �(ab) =�(a)�(b), à ýòî è îçíà÷àåò, ÷òî îòîáðàæåíèå � � ãîìîìîð�èçì. Ñ äðóãîéñòîðîíû, áèåêòèâíîñòü îòîáðàæåíèÿ � î÷åâèäíà, òàê ÷òî � � èçîìîð�èçì.27. Ïóñòü G � ïîäãðóïïà GL2(R), îïðåäåëÿåìàÿ êàêG = �� m b0 1 � ��� m; b 2 R ; m 6= 0� :Ïîêàçàòü, ÷òî G íå èçîìîð�íà ïðÿìîìó ïðîèçâåäåíèþ R� � R .Let G be the subgroup of GL2(R) de�ned by G = �� m b0 1 � ��� m; b 2 R; m 6= 0�.Show that G is not isomorphi to the diret produt R� � R.�åøåíèå. Äëÿ äîêàçàòåëüñòâà íåèçîìîð�íîñòè ñëåäóåò ïîïûòàòüñÿ íàé-òè àëãåáðàè÷åñêîå ñâîéñòâî, êîòîðîå ñîõðàíÿåòñÿ ïðè èçîìîð�èçìàõ, íîêîòîðîìó óäîâëåòâîðÿþò òîëüêî îäíà èç äâóõ ãðóïï. Â äàííîì ñëó÷àå ýòî42



ñâîéñòâî � êîììóòàòèâíîñòü. Î÷åâèäíî, ÷òî R� � R � àáåëåâà, òîãäà êàêG � íåàáåëåâà, íàïðèìåð� �1 10 1 �� 1 10 1 � = � �1 00 1 � 6= � �1 20 1 � = � 1 10 1 �� �1 10 1 � :Òàêèì îáðàçîì, ýòè äâå ãðóïïû íå ìîãóò áûòü èçîìîð�íûìè.28. Ïîêàçàòü, ÷òî ãðóïïû Z6, Z�9 è Z�18 èçîìîð�íû äðóã äðóãó.Show that the three groups Z6, Z�9 and Z�18 are isomorphi to eah other.�åøåíèå. jZ�9j = jZ�18j = 6. Â Z�9 22 = 4, 23 = 8 = �1 6= 1 è, çíà÷èò, [2℄äîëæíî èìåòü ïîðÿäîê 6, ò.å. Z�9 � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà 6. Îòñþäàñëåäóåò, ÷òî Z�9 � Z6. Â Z18 52 = 7, 53 = 17 = �1 6= 1 è, çíà÷èò, [5℄ äîëæíîèìåòü ïîðÿäîê 6, òàê ÷òî Z18 � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà 6. Îòñþäàñëåäóåò, ÷òî Z�18 � Z6. Òàêèì îáðàçîì, âñå òðè ãðóïïû èçîìîð�íû.29. Áóäåò ëè Z4 � Z10 èçîìîð�íà Z2 � Z20?Is Z4 � Z10 isomorphi to Z2 � Z20?�åøåíèå. Ñîãëàñíî êèòàéñêîé òåîðåìå îá îñòàòêàõ, Z10 � Z2 � Z5 èZ20 � Z4 � Z5. Íî òîãäà Z4 � Z10 � Z4 � Z2 � Z5 è Z2 � Z20 � Z2 � Z4 �Z5. Êðîìå òîãî, î÷åâèäíî, ÷òî Z4 � Z2 � Z5 è Z2 � Z4 � Z5 èçîìîð�íû.Ñëåäîâàòåëüíî, Z4 � Z10 � Z2 � Z20.30. Áóäåò ëè Z4 � Z15 èçîìîð�íà Z6 � Z10?Is Z4 � Z15 isomorphi to Z6 � Z10?�åøåíèå. Ò.ê. Z4�Z15 � Z4�Z3�Z5 è Z6�Z10 � Z2�Z3�Z2�Z5,òî ýòè äâå ãðóïïû íå èçîìîð�íû, ò. ê. ïåðâàÿ èìååò ýëåìåíò ïîðÿäêà 4, àâòîðàÿ íå èìååò.31. Îïèñàòü ðåøåòêó ïîäãðóïï ãðóïïû Z100.Give the lattie diagram of subgroups of Z100.�åøåíèå. �åøåòêà ïîäãðóïï ãðóïïû ñîâïàäàåò ñ ðåøåòêîé âñåõ äåëè-òåëåé ïîðÿäêà ãðóïïû. Òàêèì îáðàçîì, â íàøåì ñëó÷àå îíà ñîâïàäàåò ñ÷àñòè÷íî óïîðÿäî÷åííûì ìíîæåñòâîì âñåõ äåëèòåëåé ÷èñëà 100 ïî îòíî-øåíèþ äåëèìîñòè (ñì. ðèñ. íèæå).Íàïîìíèì, ÷òî äëÿ àáåëåâîé ãðóïïû A çàïèñü nA îçíà÷àåò ñîâîêóïíîñòüâñåõ êðàòíûõ ýëåìåíòîâ A: nA = fna j n 2 Z; a 2 Ag.43



32. Íàéòè âñå îáðàçóþùèå öèêëè÷åñêîé ãðóïïû Z28.Find all generators of the yli group Z28.�åøåíèå. Îáðàçóþùèå (ïîðîæäàþùèå ýëåìåíòû) öèêëè÷åñêîé ãðóïïûZn ÿâëÿþòñÿ ìåíüøèìè n è âçàèìíî ïðîñòûìè âû÷åòàìè ñ ïîðÿäêîì nãðóïïû Zn. ×èñëî îáðàçóþùèõ ãðóïïû Zn, òàêèì îáðàçîì, çàäàåòñÿ �óíê-öèåé Ýéëåðà '(n). Â íàøåì ñëó÷àå'(28) = '(4 � 7) = '(4) � '(7) = 2 � 6 = 12:Òàêèì îáðàçîì, îáðàçóþùèå ýëåìåíòû ãðóïïû Z28:f�1;�3;�5;�9;�11;�13g:33. Â Z30 íàéòè ïîðÿäêè öèêëè÷åñêèõ ïîäãðóïï h[18℄30i è h[24℄30i, ïîðîæ-äåííûõ âû÷åòàìè [18℄30 è [24℄30 ñîîòâåòñòâåííî.In Z30, �nd the order of the subgroup h[18℄30i; �nd the order of h[24℄30i.�åøåíèå. Êàê èçâåñòíî, ord([k℄n) = ord(ÍÎÄ ([k℄n; n)). ÏîñêîëüêóÍÎÄ (18; 30) = 6, òî h[18℄30i = h[6℄30i è çíà÷èò, ïîäãðóïïà èìååò 30=6 = 5ýëåìåíòîâ. Àíàëîãè÷íî, h[24℄30i = h[6℄30i , çíà÷èò, h[24℄30i = h[18℄30i.34. Äîêàçàòü, ÷òî åñëè G1 è G2 � ãðóïïû ïîðÿäêà 7 è 11 ñîîòâåòñòâåííî,òî ïðÿìîå ïðîèçâåäåíèå G1 �G2 � öèêëè÷åñêàÿ ãðóïïà.Prove that if G1 and G2 are groups of order 7 and 11, respetively, then the diret produtG1 �G2 is a yli group. 44



�åøåíèå. Ò. ê. 7 è 11 � ïðîñòûå ÷èñëà, òî ãðóïïû G1 è G2 öèêëè÷å-ñêèå. Åñëè a èìååò ïîðÿäîê 7 â G1 è b èìååò ïîðÿäîê 11 â G2, òî (a; b)èìåþò ïîðÿäîê ÍÎÊ (7; 11) = 77 â G1�G2. Òàêèì îáðàçîì, G1�G2 èìååòýëåìåíò, ïîðÿäîê êîòîðîãî ðàâåí ïîðÿäêó ãðóïïû è, ñëåäîâàòåëüíî, G1�G2� öèêëè÷åñêàÿ ãðóïïà.35. Íàéòè âñå ãîìîìîð�èçìû èç Z4 â Z10.Find all group homomorphisms from Z4 into Z10.�åøåíèå. Çàìåòèì, ÷òî ëþáîé ãîìîìîð�èçì èç Zn â Zk èìååò âèäh([x℄n) = [mx℄k äëÿ âñåõ [x℄n 2 Zn, ãäå [m℄k = h([1℄n). Äëÿ ëþáîãî ãîìî-ìîð�èçìà h : Z4 ! Z10 ïîðÿäîê [m℄10 = h([1℄4) äîëæåí áûòü äåëèòåëåì4 è 10, ïîýòîìó åäèíñòâåííî âîçìîæíûå çíà÷åíèÿ äëÿ ïîðÿäêà h([1℄4) ýòî1 è 2. Èìååòñÿ âñåãî äâà òàêèõ ãîìîìîð�èçìà: îïðåäåëÿåìûé ñîîòíîøåíè-åì h([1℄4) = [0℄10 � íóëåâîé ãîìîìîð�èçì, è îïðåäåëÿåìûé ñîîòíîøåíèåìh([1℄4) = [5℄10, äëÿ êîòîðîãî h([x℄n) = [5x℄10 äëÿ âñåõ [x℄n 2 Zn.36. a) Íàéòè âñå ãîìîìîð�èçìû èç Z18 â Z30.b) Âûáðàòü îäèí èç íåíóëåâûõ ãîìîìîð�èçìîâ ÷àñòè a) è íàéòè äëÿíåãî ÿäðî è îáðàç, ïîêàçàòü êàê ýëåìåíòû îáðàçîâ ñîîòâåòñòâóþò ñìåæíûìêëàññàì ÿäðà.a) Find the formulas for all group homomorphisms from Z18 into Z30.b) Choose one of the nonzero formulas in part a), and for this formula �nd the kernel andimage, and show how elements of the image orrespond to osets of the kernel.�åøåíèå. a) Ëþáîé ãîìîìîð�èçì èç Z18 â Z30 èìååò âèä h([x℄18) =[mx℄30 äëÿ âñåõ [x℄18 2 Z18, ãäå [m℄30 = h([1℄18). Ïîðÿäîê [m℄30 = h([1℄18)äîëæåí áûòü äåëèòåëåì 18 è 30, Ïîñêîëüêó ÍÎÄ (18; 30) = 6, âîçìîæíûåçíà÷åíèÿ ïîðÿäêà [m℄30 = h([1℄18) � 1, 2, 3, 6. Ñëåäîâàòåëüíî, èìååòñÿ âòî÷íîñòè 4 ãîìîìîð�èçìà èç Z18 â Z30.b) Âûáåðåì, íàïðèìåð, h([x℄18) = [5x℄30. Îáðàç h, ò.å. ìíîæåñòâî h(Z18),ñîñòîèò èç âñåõ âû÷åòîâ êðàòíûõ 5 â Z30, ò.å.h(Z18) = f0; 5; 10; 15; 20; 25g:ßäðî kerh ãîìîìîð�èçìà h ñîñòîèò èç ýëåìåíòîâ [x℄18 ãðóïïû Z18, òàêèõ÷òî h([x℄18) = [0℄30. ßñíî, ÷òî kerh = f0; 6; 12g. Ñìåæíûå êëàññû ïî ÿäðóñîñòîÿò èç ñäâèãîâ x+kerh ÿäðà íà ïðîèçâîëüíûå ýëåìåíòû x ãðóïïû Z18.45



Íåòðèâèàëüíûå ñäâèãè ïîëó÷àþòñÿ äëÿ x = 1; 2; 3; 4 è 5 ñîîòâåòñòâåííî.Ìû èìååì ñëåäóþùèå ñîîòâåòñòâèÿ:f0; 6; 12g $ h(0) = 0; f3; 9; 15g $ h(3) = 15;f1; 7; 13g $ h(1) = 5; f4; 10; 16g $ h(4) = 20;f2; 8; 14g $ h(2) = 10; f5; 11; 17g $ h(5) = 25:37. a) Ïîêàçàòü, ÷òî Z�7 � öèêëè÷åñêàÿ ãðóïïà ñ ïîðîæäàþùèì ýëåìåíòîì[3℄7.b) Ïîêàçàòü, ÷òî Z�17 � öèêëè÷åñêàÿ ãðóïïà ñ ïîðîæäàþùèì ýëåìåíòîì[3℄17.ñ) Íàéòè âñå ãîìîìîð�èçìû èç Z�17 â Z�7.a) Show that Z�7 is yli, with generator [3℄7.b) Show that Z�17 is yli, with generator [3℄17.ñ) Completely determine all group homomorphisms from Z�17 into Z�7.�åøåíèå. a) Íàõîäÿ ïîñëåäîâàòåëüíî ñòåïåíè 3, ïîëó÷èì: 32 = 2 è33 = 6 = �1. Îòñþäà ñëåäóåò, ÷òî [3℄ èìååò ïîðÿäîê 6.b) Íàõîäÿ ïîñëåäîâàòåëüíî ñòåïåíè 3, ïîëó÷èì: 32 = 9, 33 = 27 = 10,34 = 3 � 10 = 13, 35 = 3 � 13 = 5, 36 = 3 � 5 = 15, 37 = 3 � 15 = 11,38 = 3 �11 = 16 = �1 6= 1. Òàêèì îáðàçîì, [3℄17 èìååò ïîðÿäîê 16 = 17�1.ñ) Ëþáîé ãîìîìîð�èçì h : Z�17 ! Z�7 öèêëè÷åñêîé ãðóïïû Z�17 îïðå-äåëÿåòñÿ ñâîèì çíà÷åíèåì h([3℄17) íà îáðàçóþùåì ýëåìåíòå [3℄17 ãðóïïûZ�17. Ïîðÿäîê h([3℄17) äîëæåí áûòü îáùèì äåëèòåëåì 16 è 6. Òàêèì îáðà-çîì, åäèíñòâåííûå âîçìîæíûå çíà÷åíèÿ äëÿ ïîðÿäêà h([3℄17) � 1 è 2, òàê÷òî h([3℄17) = [1℄7 èëè h([3℄17) = [�1℄7. Â ïåðâîì ñëó÷àå h([x℄17) = [1℄7äëÿ âñåõ [x℄17 2 Z�17. Âî âòîðîì ñëó÷àå h(([3℄17)n)) = [�1℄n7 äëÿ âñåõ[x℄17 = ([3℄17)n 2 Z�17.38. Îïðåäåëèì îòîáðàæåíèå � : Z4 � Z6 ! Z4 � Z3 �îðìóëîé �(x; y) =(x+ 2y; y).a) Ïîêàçàòü, ÷òî � � ãîìîìîð�èçì ãðóïï.b) Íàéòè ÿäðî è îáðàç îòîáðàæåíèÿ � è ïðèìåíèòü îñíîâíóþ òåîðåìó îãîìîìîð�èçìàõ.De�ne � : Z4 � Z6 ! Z4 � Z3 by �(x; y) = (x+ 2y; y).a) Show that � is a well-de�ned group homomorphism.b) Find the kernel and image of �, and apply the fundamental homomorphism theorem.46



�åøåíèå. a) Åñëè y1 � y2 mod 6, òî 2y1 � 2y2 äåëèòñÿ áåç îñòàòêàíà 12 è 2y1 � 2y2 mod 4, îòñþäà íåìåäëåííî ñëåäóåò, ÷òî � êîððåêòíîîïðåäåëåííîå îòîáðàæåíèå. Ëåãêî âèäåòü, ÷òî îòîáðàæåíèå � ëèíåéíî, ò.å.ÿâëÿåòñÿ ãîìîìîð�èçìîì àääèòèâíûõ ãðóïï Z4 � Z6 è Z4 � Z3.b) Åñëè (x; y) 2 ker�, òî y � 0 mod 3, ò.å. y = 0 èëè y = 3. Åñëè y = 0,òî x = 0, à åñëè y = 3, òî x = 2. Òàêèì îáðàçîì, ýëåìåíòàìè ÿäðà ÿâëÿþòñÿ(0; 0) è (2; 3). Îòñþäà ñëåäóåò, ÷òî èìååòñÿ 24=2 = 12 êëàññîâ ñìåæíîñòèïî ýòîìó ÿäðó. Ýòè êëàññû ñìåæíîñòè íàõîäÿòñÿ âî âçàèìíî-îäíîçíà÷íîìñîîòâåòñòâèè ñ ýëåìåíòàìè îáðàçà è, ñëåäîâàòåëüíî, � îòîáðàæàåò Z4�Z6íà Z4 � Z3. Òàêèì îáðàçîì, (Z4 � Z6)=f(0; 0); (2; 3)g � Z4 � Z3.39. Ïóñòü n, m � ïîëîæèòåëüíûå öåëûå ÷èñëà è m åñòü äåëèòåëü n. Ïî-êàçàòü, ÷òî îòîáðàæåíèå � : Z�n ! Z�m, îïðåäåëåííîå ðàâåíñòâîì �([x℄n) =[x℄m äëÿ âñåõ [x℄n 2 Z�n, åñòü ãîìîìîð�èçì.Let n and m be positive integers, suh that m is a divisor of n. Show that � : Z�n ! Z�mde�ned by �([x℄n) = [x℄m, for all [x℄n 2 Z�n, is a well-de�ned group homomorphism.�åøåíèå. Åñëè [x1℄n = [x2℄n â Z�n òî (x1 � x2) äåëèòñÿ íà n, à ò.ê.m � äåëèòåëü n, òî (x1 � x2) äåëèòñÿ íà m. Òàêèì îáðàçîì, èç [x1℄m =[x2℄m ñëåäóåò �([x1℄n) = �([x2℄n). Ñëåäîâàòåëüíî, îòîáðàæåíèå � êîððåêòíîîïðåäåëåíî.Äàëåå, äëÿ âñåõ [an℄; [b℄n 2 Z�n èìååì�([a℄n[b℄n) = �([ab℄n) = [ab℄m = [a℄m[b℄m = �([a℄n)�([b℄n),ñëåäîâàòåëüíî � � ãîìîìîð�èçì.40. Äëÿ ãîìîìîð�èçìà ãðóïï � : Z�36 ! Z�12, îïðåäåëåííîãî ðàâåíñòâîì�([x℄36) = [x℄12 äëÿ âñåõ [x℄36 2 Z�36, íàéòè ÿäðî è îáðàç îòîáðàæåíèÿ � èïðèìåíèòü îñíîâíóþ òåîðåìó î ãîìîìîð�èçìå.For the group homomorphism � : Z�36 ! Z�12 de�ned by �([x℄36) = [x℄12, for all [x℄36 2 Z�36,�nd the kernel and image of �, and apply the fundamental homomorphism theorem.�åøåíèå. Ïðåäûäóùàÿ çàäà÷à ïîêàçûâàåò, ÷òî �� ãîìîìîð�èçì ãðóïï.Î÷åâèäíî, ÷òî � îòîáðàæàåò Z�36 íà Z�12, ïîñêîëüêó èç ÍÎÄ (x; 12) = 1 ñëå-äóåò ÍÎÄ (x; 36) = 1. ßäðî � ñîñòîèò èç òåõ ýëåìåíòîâ â Z�36, êîòîðûåñðàâíèìû ñ 1 ïî ìîäóëþ 12, à èìåííî [1℄36, [13℄36, [25℄36. Îòñþäà ñëåäóåò,÷òî Z�12 � Z�36=h[13℄36i.41. Ïðåäïîëîæèì, ÷òî G = hgi ÿâëÿåòñÿ öèêëè÷åñêîé ãðóïïîé ïîðÿäêà 14447



ñ îáðàçóþùèì ýëåìåíòîì g. Êàêîâ ïîðÿäîê g60?Suppose that G = hgi is a yli group of order 144. What is the order ofg60?�åøåíèå. Íóæíî íàéòè íàèìåíüøåå ïîëîæèòåëüíîå öåëîå ÷èñëî n, òà-êîå ÷òî (g60)n = e.Ïîñêîëüêó ïîðÿäîê g ðàâåí 144, òî g60n = e òîãäà è òîëüêî òîãäà, êîãäà60n � 0 mod 144. Ò.å. íóæíî íàéòè íàèìåíüøåå ïîëîæèòåëüíîå öåëîåðåøåíèå óðàâíåíèÿ 60x � 0 mod 144. ßñíî, ÷òî äëÿ ýòîãî íåîáõîäèìî÷òîáû 60n äåëèëîñü íà 144. Íàèáîëüøèé îáùèé äåëèòåëü ÷èñåë 144 è 60ðàâåí 12. Ñëåäîâàòåëüíî, 5n äåëèòñÿ íà 12, à ýòî çíà÷èò (â ñèëó âçàèìíîéïðîñòîòû 5 è 12) ÷òî n äåëèòñÿ íà 12. Òàêèì îáðàçîì, n = 12� íàèìåíüøååðåøåíèå ñðàâíåíèÿ 60n � 0 mod 144. Ñëåäîâàòåëüíî, ïîðÿäîê g60 ðàâåí12.42. Íàéòè âñå ýëåìåíòû àääèòèâíîãî ïîðÿäêà 10 èç Z100.Find all elements of order 10 in the additive group Z100.�åøåíèå. 1 ÿâëÿåòñÿ îáðàçóþùèì ýëåìåíòîì ãðóïïû Z100. Ïîðÿäîên 2 Z100 ïî îïðåäåëåíèþ åñòü íàèìåíüøåå k > 0 òàêîå, ÷òî kn � 0mod 100. Êàê èçâåñòíî, k = 100=ÍÎÄ (n; 100). Ñëåäîâàòåëüíî, íóæíî íàé-òè âñå öåëûå n â äèàïàçîíå 0; : : : ; 99 òàêèå, ÷òî 10 = ÍÎÄ (n; 100). Ýòîçíà÷èò, ÷òî ÷èñëî n äîëæíî äåëèòüñÿ íà 10 è n=10 äîëæíî áûòü âçàèìíîïðîñòûì ñ 2 è 5, ò.å. âçàèìíî ïðîñòî ñ 10. Ïóñòü n = 10m, 0 6 m < 9.Òîãäà n=10 = m � âçàèìíî ïðîñòî ñ 10. Ýòî çíà÷èò, ÷òî m 2 f1; 3; 7; 9g.Ñëåäîâàòåëüíî, n = 10; 30; 70; 90 � âñå âû÷åòû ïî ìîäóëþ 100, èìåþùèåàääèòèâíûé ïîðÿäîê 10.43. Ïóñòü p � ïðîñòîå ÷èñëî òàêîå, ÷òî p � 21 mod 25. Äîêàçàòü, ÷òî äëÿíåíóëåâîé 5-îé ñòåïåíè b 2 Z�p, b(p+4)=25 ÿâëÿåòñÿ êîðíåì 5-îé ñòåïåíè èç bïî ìîäóëþ p.Let p a prime ongruent to 21 mod 25. Prove that, for any non-zero 5th power b 2 Z�p,b(p+4)=25 is a 5th root of b mod p.�åøåíèå. Âîçâîäÿ â 5-óþ ñòåïåíü ïîëó÷èì(b(p+4)=25)5 = ((a5)(p+4)=2)5 = ap+4 = ap�1 � a5 = 1 � b = b;ãäå a5 = b. Çäåñü ìû èñïîëüçîâàëè ìàëóþ òåîðåìó Ôåðìà, óòâåðæäàþùóþ,÷òî ap�1 � 1 â Z�p. 48



44. Íàéòè ïðèìèòèâíûé êîðåíü èç 1 ïî ìîäóëþ 17.Find a primitive root modulo 17.�åøåíèå. Íóæíî íàéòè âû÷åò x 2 Z17, ìóëüòèïëèêàòèâíûé ïîðÿäîêêîòîðîãî ðàâåí 16 = 17 � 1. Òàêèì îáðàçîì, x16 � 1 mod 17, íî xk �= 1mod 17 äëÿ 0 < k < 16. Íàïîìíèì, ÷òî íåíóëåâûå ýëåìåíòû èç Z17 îáðà-çóþò ìóëüòèïëèêàòèâíóþ ãðóïïó. Ïî òåîðåìå Ëàãðàíæà ïîðÿäêè íåíóëåâûõýëåìåíòîâ Z17 ÿâëÿþòñÿ äåëèòåëÿìè 16 = 17� 1. Ïîýòîìó íåïðèìèòèâíûåýëåìåíòû Z17 èìåþò ïîðÿäîê 1; 2; 4 èëè 8.Íà÷íåì ïðîâåðêó ïðèìèòèâíîñòè ñ 2. Ïîñëåäîâàòåëüíî âîçâîäÿ â ñòåïåíü2, 4, 8, ïîëó÷èì 21 = 2 6= 1; 22 = 4 6= 1; 24 = 16 = �1 6= 1, è òîãäà28 = (24)2 = (�1)2 = 1. Ñëåäîâàòåëüíî, ord(2) = 8 è 2 íå ÿâëÿåòñÿïðèìèòèâíûì êîðíåì ïî ìîäóëþ 17.Ïðîâåðêà ïðèìèòèâíîñòè äëÿ 3:31 = 3 6= 1; 32 = 9 6= 1; 34 = 81 = 13 6= 1; 38 = 132 = 169 = 16 = �1 6= 1:Ñëåäîâàòåëüíî, ord(3) = 16 è 3 � ïðèìèòèâíûé êîðåíü ïî ìîäóëþ 17.45. Ïîêàçàòü, ÷òî f(x) = x3 � ãîìîìîð�èçì Z�7 ! Z�7. Íàéòè îáðàç è ÿäðîýòîãî ãîìîìîð�èçìà.Show that f(x) = x3 is a homomorphism Z�7 ! Z�7. Find the kernel and the image of f .�åøåíèå. Ïîñêîëüêó Z�7 � àáåëåâà, òîf(xy) = (xy)3 = x3y3 = f(x)f(y):ßäðî ãîìîìîð�èçìà f :ker f = fx 2 Z�7 : f(x) = 1g = fx 2 Z�7 : x3 = 1g = f1; 2; 4g:Îáðàç ãîìîìîð�èçìà f :Imf = f(Z�7) = fx3 : x 2 Z�7g = f1; 6g:46. Ïóñòü G � ãðóïïà ïðîñòîãî ïîðÿäêà p. Ïîêàçàòü, ÷òî G � öèêëè÷åñêàÿ.Let G be a group of prime order p. Show that G is yli.�åøåíèå. Ïóñòü g � ëþáîé ýëåìåíò, îòëè÷íûé îò åäèíè÷íîãî. Ïîêà-æåì, ÷òî g ïîðîæäàåò G: hgi = G. Ïî òåîðåìå Ëàãðàíæà ëþáàÿ ïîäãðóïïà49



G èìååò ïîðÿäîê, ÿâëÿþùèéñÿ äåëèòåëåì p, ïîýòîìó îíà èìååò ïîðÿäîêëèáî 1, ëèáî p. Ïîäãðóïïà hgi ñîäåðæèò ïî ìåíüøåé ìåðå äâà ðàçëè÷íûõýëåìåíòà: åäèíè÷íûé e è g (ïðè÷åì g 6= e). Òàêèì îáðàçîì, jhgij = p.Ñëåäîâàòåëüíî hgi = G è G � öèêëè÷åñêàÿ ãðóïïà.47. Ïîêàçàòü, ÷òî â êîììóòàòèâíîé ãðóïïå êàæäàÿ ïîäãðóïïà ÿâëÿåòñÿ íîð-ìàëüíîé.Show that in an abelian group every subgroup is normal.�åøåíèå. ÏóñòüG � êîììóòàòèâíàÿ ãðóïïà, àN � åå ïîäãðóïïà. Ïóñòüg ïðèíàäëåæèò G. ÒîãäàgNg�1 = fgng�1 : n 2 Ng = fgg�1n : n 2 Ng = fn : n 2 Ng = N:Òàêèì îáðàçîì, N ÿâëÿåòñÿ íîðìàëüíîé ïîäãðóïïîé.48. Ïîêàçàòü, ÷òî ëþáàÿ êîììóòàòèâíàÿ ãðóïïà ïîðÿäêà 21, öèêëè÷åñêàÿ.Show that any abelian group of order 21 is yli.�åøåíèå. Ïóñòü G � êîììóòàòèâíàÿ ãðóïïà è jGj = 21. Ïî òåîðåìåÊîøè â ãðóïïå G ñóùåñòâóþò ýëåìåíòû x, y ïîðÿäêà 3 è 7 ñîîòâåòñòâåííî.Ïîêàæåì, ÷òî ïðîèçâåäåíèå xy ýòèõ ýëåìåíòîâ èìååò ïîðÿäîê 27. Ñíà÷àëàîòìåòèì ÷òî hxi \ hyi = feg, òàê êàê (ïî òåîðåìå Ëàãðàíæà) ïîðÿäîê ïå-ðåñå÷åíèÿ äîëæåí áûòü äåëèòåëåì è 3, è 7, à çíà÷èò, äîëæåí áûòü ðàâíûì1. Ïî òåîðåìå Ëàãðàíæà ïîðÿäîê xy ðàâåí îäíîìó èç äåëèòåëåé ïîðÿäêàãðóïïû jGj = 21, ò.å. 1, 3, 7 èëè 21.Åñëè ord(xy) = 1, ò.å. xy = e, òî x = y�1 2 hxi \ hyi = feg. Ïîýòîìóx = y�1 = e, íî ýòî íåâîçìîæíî, çíà÷èò ïîðÿäîê xy 6= 1.Ïóñòü ord(xy) = 3. Òîãäà (xy)3 = e. Òàê êàê ãðóïïà êîììóòàòèâíàÿ, òîx3y3 = e, è òàê êàê x3 = e, òî y3 = e. Íî y7 = e ïî ïðåäïîëîæåíèþ, ïîýòîìóåñëè òàêæå y3 = e, òî y = y7 � (y3)�2 = e, ÷òî íåâîçìîæíî, ò.ê. y 6= e.Ïîýòîìó ïîðÿäîê xy 6= 3. Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî ord(xy) 6= 7.Ñëåäîâàòåëüíî, ord(xy) = 21, è xy ïîðîæäàåò âñþ ãðóïïó G, à çíà÷èò, Gÿâëÿåòñÿ öèêëè÷åñêîé.49. Ïóñòü h � �èêñèðîâàííûé ýëåìåíò ãðóïïû G. Îïðåäåëèì îòîáðàæåíèåf : G! G, ïîëàãàÿ f(g) = hgh�1. Äîêàçàòü, ÷òî f ÿâëÿåòñÿ àâòîìîð�èç-ìîì ãðóïïû G.Fix an element h of a group G. De�ne f : G ! G by f(g) = hgh�1. Prove that f is anautomorphism of G. 50



�åøåíèå. Ïðåæäå âñåãî ïîêàæåì, ÷òî f � ãîìîìîð�èçì. Â ñàìîì äåëå,f(gg0) = h(gg0)h�1 = (hgh�1)(hg0h�1) = f(g)f(g0):Òàêèì îáðàçîì, f � ãîìîìîð�èçì. Ïîêàæåì òåïåðü, ÷òî f ÿâëÿåòñÿ ñþðú-åêöèåé, ò.å. îòîáðàæåíèåì G íà G. Äëÿ ýòîãî íóæíî ïîêàçàòü, ÷òî êàæäûéýëåìåíò g èç G èìååò ïðîîáðàç g0, ò.å. òàêîé ýëåìåíò èç G, ÷òî f(g0) = g.Ñîãëàñíî îïðåäåëåíèþ f äëÿ ýòîãî íóæíî ïîêàçàòü, ÷òî óðàâíåíèå g =hg0h�1 èìååò õîòÿ áû îäíî ðåøåíèå. Èç ýòîãî óðàâíåíèÿ ñëåäóåò, ÷òî g0 =h�1gh. Ïîäñòàâëÿÿ ýòî âûðàæåíèå âìåñòî g0 â âûðàæåíèå äëÿ f , ïîëó÷èìf(g0) = h(h�1gh)h�1 = g, ÷òî äîêàçûâàåò ñóùåñòâîâàíèå ïðîîáðàçà è, ñëå-äîâàòåëüíî, ñþðúåêòèâíîñòü f .Íàêîíåö, ïðîâåðèì, ÷òî f ÿâëÿåòñÿ èíúåêòèâíûì îòîáðàæåíèåì. Äîïó-ñòèì, ÷òî f(g1) = f(g2). Òîãäà hg1h�1 = hg2h�1. Óìíîæàÿ ýòî ðàâåíñòâîñïðàâà íà h è ñëåâà íà h�1, ìû ïîëó÷àåì, ÷òî g1 = g2, ïîýòîìó f ÿâëÿåò-ñÿ èíúåêòèâíûì îòîáðàæåíèåì. Òàêèì îáðàçîì, f ÿâëÿåòñÿ èçîìîð�èçìîìãðóïïû G íà ñåáÿ, ò.å àâòîìîð�èçìîì.50. Ïîêàçàòü, ÷òî ëþáàÿ ãðóïïà ïîðÿäêà 35 ÿâëÿåòñÿ öèêëè÷åñêîé.Show that any group of order 35 is yli.�åøåíèå. Ïóñòü ãðóïïà G ïîðÿäêà 35 íå ÿâëÿåòñÿ öèêëè÷åñêîé. Òîãäà âG íå ñóùåñòâóåò ýëåìåíòà ïîðÿäêà 35. Ïî Òåîðåìå Ëàãðàíæà åäèíñòâåííûåâîçìîæíûå ïîðÿäêè ýëåìåíòîâ G ýòî 1, 5, 7. Ïðè ýòîì êàæäàÿ ïîäãðóïïàïîðÿäêà 5 ñîäåðæèò 4 = 5� 1 ýëåìåíòîâ ïîðÿäêà 5, è äâå ðàçíûõ ïîäãðóï-ïû ïîðÿäêà 5 íå èìåþò îáùèõ ýëåìåíòîâ ïîðÿäêà 5 (îïÿòü æå ïî òåîðåìåËàãðàíæà), òàê êàê 5 ÿâëÿåòñÿ ïðîñòûì ÷èñëîì. Òî æå ñàìîå îòíîñèòñÿê ïîäãðóïïàì è ýëåìåíòàì ïîðÿäêà 7, òàê êàê 7 òàêæå ÿâëÿåòñÿ ïðîñòûì÷èñëîì. Ñîãëàñíî òåîðåìå Ñèëîâà, åñëè ïðîñòîå ÷èñëî p ÿâëÿåòñÿ äåëèòå-ëåì ïîðÿäêà ãðóïïû, òî ÷èñëî ïîäãðóïï ïîðÿäêà p èìååò âèä pk + 1 äëÿíåêîòîðîãî öåëîãî k > 0. Ïóñòü ÷èñëî ïîäãðóïï ïîðÿäêà 5 ðàâíî 5x + 1,à ÷èñëî ïîäãðóïï ïîðÿäêà 7 ðàâíî 7y + 1 äëÿ íåêîòîðûõ íåîòðèöàòåëüíûõöåëûõ ÷èñåë x è y. Òîãäà, ïîäñ÷èòûâàÿ ýëåìåíòû G ïî ýòèì ïîäãðóïïàì,ïîëó÷èì:35 = 1 + (5x+ 1)(5� 1) + (7y + 1)(7� 1):Óïðîùàÿ, ïîëó÷àåì 24 = 20x + 42y. Òàê êàê 42 > 24, òî y = 0. Íî òîãäà51



24 = 20x, à ýòî íåâîçìîæíî, ïîñêîëüêó 20 íå äåëèòñÿ íà 24. Òàêèì îáðàçîì,â G äîëæåí áûòü ýëåìåíò ïîðÿäêà 35, ïîýòîìó G ÿâëÿåòñÿ öèêëè÷åñêîé.51. Ïîñòðîèòü 8 êîììóòàòèâíûõ ãðóïï ïîðÿäêà 900.List 8 abelian groups of order 900.�åøåíèå. Äëÿ ðåøåíèÿ èñïîëüçóåì îñíîâíóþ òåîðåìó î êîíå÷íîïîðîæ-äåííûõ àáåëåâûõ ãðóïïàõ. Íåîáõîäèìî íàéòè êîíå÷íûå ïîñëåäîâàòåëüíîñòèöåëûõ ïîëîæèòåëüíûõ ÷èñåë d1; d2; : : : ; dn áîëüøèõ 1, òàêèõ ÷òî di+1 äåëèò-ñÿ íà di, è ïðîèçâåäåíèå êîòîðûõ ðàâíî 900. Èñïîëüçóÿ òåîðåìó Ñèëîâà,ìîæíî ðåøèòü ýòó çàäà÷ó äëÿ ìàêñèìàëüíûõ ñòåïåíåé ïðîñòûõ ÷èñåë 22,32, 52 äåëÿùèõ 900, è òîãäà îáúåäèíèòü ðåçóëüòàòû. Â îáùåì ñëó÷àå äëÿïðîñòîãî ÷èñëà p ñóùåñòâóåò âñåãî äâå êîììóòàòèâíûõ ãðóïïû ïîðÿäêà p2:Z=p2Z è Z=pZ � Z=pZ. Òàêèì îáðàçîì, ñóùåñòâóåò äâà âûáîðà äëÿ p = 2,äâà âûáîðà äëÿ p = 3 è äâà âûáîðà äëÿ p = 5. Òàêèì îáðàçîì, âñåãî ñóùå-ñòâóåò 8 = 23 êîììóòàòèâíûõ ãðóïï ïîðÿäêà 900: Z900, Z2�Z450, Z3�Z300,Z5 � Z180, Z6 � Z150, Z10 � Z90, Z15 � Z60, Z30 � Z30.52. �àññìîòðèì ïåðåñòàíîâêó� = � 1 2 3 4 5 6 7 8 97 5 6 9 2 4 8 1 3 � :Çàïèñàòü � êàê ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ. Êàêîâ ïîðÿäîê �? ßâ-ëÿåòñÿ ëè � ÷åòíîé ïåðåñòàíîâêîé? Âû÷èñëèòü ��1.Consider the permutation � = � 1 2 3 4 5 6 7 8 97 5 6 9 2 4 8 1 3 �. Express � as a produtof disjoint yles. Find the order of �. Determine whether the permutation � is even or odd.Find ��1.�åøåíèå. Èìååì � = (1; 7; 8)(2; 5)(3; 6; 4; 9), ñëåäîâàòåëüíî, ïîðÿäîê �ðàâåí 12, ò.ê. ÍÎÊ (3; 2; 4) = 12. Ýòî ÷åòíàÿ ïåðåñòàíîâêà, ò.ê. åå äåêðåìåíòðàâåí 2 + 1 + 3 = 6 � ÷åòíîìó ÷èñëó. Ïåðåïèñûâàÿ öèêëû â îáðàòíîìïîðÿäêå, ïîëó÷èì ��1 = (1; 8; 7)(2; 5)(3; 9; 4; 6).53. �àññìîòðèì ïåðåñòàíîâêè� = � 1 2 3 4 5 6 7 8 92 5 1 8 3 6 4 7 9 � ; � = � 1 2 3 4 5 6 7 8 91 5 4 7 2 6 8 9 3 � :Çàïèñàòü êàæäóþ èç ýòèõ ïåðåñòàíîâîê �, � , �� , ����1, ��1, ��1, ��,����1 êàê ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ.52



Consider the permutations� = � 1 2 3 4 5 6 7 8 92 5 1 8 3 6 4 7 9 � ; � = � 1 2 3 4 5 6 7 8 91 5 4 7 2 6 8 9 3 � :Express eah of the following permutations �, � , �� , ����1, ��1, ��1, ��, ����1 as aprodut of disjoint yles.�åøåíèå.� = (1; 2; 5; 3)(4; 8; 7);� = (2; 5)(3; 4; 7; 8; 9);�� = (1; 2; 3; 8; 9);����1 = (1; 8; 4; 7; 9)(3; 5);��1 = (1; 3; 5; 2)(4; 7; 8);��1 = (2; 5)(3; 9; 8; 7; 4);�� = (1; 5; 4; 9; 3);����1 = (1; 5; 2; 4)(7; 9; 8):54. Ïóñòü � = (2; 4; 9; 7)(6; 4; 2; 5; 9)(1; 6)(3; 8; 6) 2 S9. Çàïèñàòü � êàêïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ. Êàêîâ ïîðÿäîê �? Âû÷èñëèòü ��1.Let � = (2; 4; 9; 7)(6; 4; 2; 5; 9)(1; 6)(3; 8; 6) 2 S9. Express � as a produt of disjointyles. Find the order of �. Find ��1.�åøåíèå. Èìååì � = (1; 9; 6; 3; 8)(2; 5; 7), ò.î. ïîðÿäîê � ðàâåí 15 =ÍÎÊ (5; 3) è ��1 = (1; 8; 3; 6; 9)(2; 7; 5).55. Âû÷èñëèòü ïîðÿäîê� = � 1 2 3 4 5 6 7 8 9 10 117 2 11 4 6 8 9 10 1 3 5 � :Ïóñòü � = (3; 8; 7). Âû÷èñëèòü ïîðÿäîê ����1.Calulate the order of � = � 1 2 3 4 5 6 7 8 9 10 117 2 11 4 6 8 9 10 1 3 5 �. Let � = (3; 8; 7).Calulate the order of ����1.�åøåíèå. Òàê êàê� = (1; 7; 9)(3; 11; 5; 6; 8; 10); 53



òî ïîðÿäîê ðàâåí 6. Èìååì����1 = (3; 8; 7)(1; 7; 9)(3; 11; 5; 6; 8; 10)(3; 7; 8) = (1; 3; 9)(8; 11; 5; 6; 7; 10);òàêèì îáðàçîì, ïîðÿäîê ����1 ðàâåí 6.56. Äîêàçàòü, ÷òî, åñëè � 2 Sn � ïåðåñòàíîâêà ïîðÿäêà m, òî è ����1èìååò òîò æå ïîðÿäîê m, ÷òî è � , äëÿ ëþáîé ïåðåñòàíîâêè � 2 Sn.Prove that if � 2 Sn is a permutation of order m then the permutation ����1 has thesame order for any � 2 Sn.�åøåíèå. Ïðåäïîëîæèì, ÷òî � 2 Sn èìååò ïîðÿäîê m. Èç ðàâåíñòâà(����1)k = �� k��1 ñëåäóåò, ÷òî (����1)m = ��m��1 = ���1 = e. Ñäðóãîé ñòîðîíû, ïîðÿäîê ����1 íå ìîæåò áûòü ìåíüøå n. Äåéñòâèòåëüíî,åñëè (����1)k = e, òî �� k��1 = e è òîãäà � k = ��1� = e.57. Ïåðå÷èñëèòü âñå ñìåæíûå êëàññû öèêëè÷åñêîé ïîäãðóïïû h7i èç Z�16.Áóäåò ëè �àêòîð-ãðóïïà Z�16=h7i öèêëè÷åñêîé?List the osets of h7i in Z�16. Is the fator group Z�16=h7i yli?�åøåíèå. ÈìååìZ�16 = f1; 3; 5; 7; 9; 11; 13; 15g; h7i = f1; 7g:Êëàññû ñìåæíîñòè èìåþò âèä:h7i = f1; 7g; 3 � h7i = f3; 5g; 9 � h7i = f9; 15g; 11 � h7i = f11; 13g:Ò.ê. 32 =2 h7i, êëàññ ñìåæíîñòè 3�h7i èìååò ïîðÿäîê 6= 2, à èìåííî îí äîëæåíèìåòü ïîðÿäîê 4, ñëåäîâàòåëüíî, �àêòîð-ãðóïïà Z�16=h7i � öèêëè÷åñêàÿ.58. Ïóñòü G = Z6 � Z4, ïóñòü H = f(0; 0); (0; 2)g è K = f(0; 0); (3; 0)g.a) Ïåðå÷èñëèòü âñå ñìåæíûå êëàññû H è ñìåæíûå êëàññû K.b) Ïðåäïîëîæèì, ÷òî êàæäàÿ àáåëåâà ãðóïïà ïîðÿäîê 12 èçîìîð�íàëèáî Z12, ëèáî Z6 � Z2. Êàêîé èç ýòèõ âàðèàíòîâ âåðåí äëÿ G=H? ÄëÿG=K?Let G = Z6 � Z4, let H = f(0; 0); (0; 2)g, and let K = f(0; 0); (3; 0)g.a) List all osets of H; list all osets of K.b) You may assume that any abelian group of order 12 is isomorphi to either Z12 orZ6 � Z2. Whih answer is orret for G=H? For G=K?54



�åøåíèå. a) Ñìåæíûå êëàññû H = f(0; 0); (0; 2)g:(0; 0) +H = f(0; 0); (0; 2)g; (1; 0) +H = f(1; 0); (1; 2)g;(2; 0) +H = f(2; 0); (2; 2)g; (3; 0) +H = f(3; 0); (3; 2)g;(4; 0) +H = f(4; 0); (4; 2)g; (5; 0) +H = f(5; 0); (5; 2)g;(0; 1) +H = f(0; 1); (0; 3)g; (1; 1) +H = f(1; 1); (1; 3)g;(2; 1) +H = f(2; 1); (2; 3)g; (3; 1) +H = f(3; 1); (3; 3)g;(4; 1) +H = f(4; 1); (4; 3)g; (5; 1) +H = f(5; 1); (5; 3)g:Ñìåæíûå êëàññû K = f(0; 0); (3; 0)g:(0; 0) +K = f(0; 0); (3; 0)g; (0; 1) +K = f(0; 1); (3; 1)g;(0; 2) +K = f(0; 2); (3; 2)g; (0; 3) +K = f(0; 3); (3; 3)g;(1; 0) +K = f(1; 0); (4; 0)g; (1; 1) +K = f(1; 1); (4; 1)g;(1; 2) +K = f(1; 2); (4; 2)g; (1; 3) +K = f(1; 3); (4; 3)g;(2; 0) +K = f(2; 0); (5; 0)g; (2; 1) +K = f(2; 1); (5; 1)g;(2; 2) +K = f(2; 2); (5; 2)g; (2; 3) +K = f(2; 3); (5; 3)g:b) Ñêëàäûâàÿ ýëåìåíòû G ñ ñàìèìè ñîáîé 6 ðàç ïîëó÷èì 0 â ïåðâîéêîìïîíåíòå è 0 èëè 2 � âî âòîðîé êîìïîíåíòå. Ñëåäîâàòåëüíî, ïîðÿäîêýëåìåíòîâ G=H ñàìîå áîëüøåå 6 è ïîòîìó G=H � Z6 � Z2. Ñ äðóãîéñòîðîíû, (1; 1) +K èìååò ïîðÿäîê 12 â G=K è, çíà÷èò, G=K � Z12.59. Ïóñòü G � ãðóïïà, N è H ïîäãðóïïû G, ïðè÷åì N � íîðìàëüíàÿ â G.a) Äîêàçàòü, ÷òî HN � ïîäãðóïïà G.b) Äîêàçàòü, ÷òî N � íîðìàëüíàÿ ïîäãðóïïà HN .) Äîêàçàòü, ÷òî åñëè H \N = feg, òî HN=N èçîìîð�íà H.Let G be a group, and let N and H be subgroups of G suh that N is normal in G.a) Prove that HN is a subgroup of G.b) Prove that N is a normal subgroup of HN .) Prove that if H \N = feg, then HN=N is isomorphi to H.�åøåíèå. a) ßñíî, ÷òî e = e�e ïðèíàäëåæèòHN , òàê ÷òîHN íåïóñòî.Ïóñòü x; y 2 HN . Òîãäà x = h1n1 è y = h2n2 äëÿ íåêîòîðûõ h1; h2 2 H èn1; n2 2 N . Äàëååxy�1 = h1n1(h2n2)�1 = h1n1n�12 h�12 = (h1h�12 )(h2(n1n�12 )h�12 )55



è ýòîò ýëåìåíò ïðèíàäëåæèò HN , ò.ê. èç íîðìàëüíîñòè N ïîëó÷àåì, ÷òîh2(n1n�12 )h�12 2 N è, çíà÷èò xy�1 2 HN , òàê ÷òî HN � ïîäãðóïïà G.b) Ò.ê. N íîðìàëüíàÿ â G, îíà íîðìàëüíàÿ è â ïîäãðóïïå HN , êîòîðàÿñîäåðæèò åå.) Îïðåäåëèì � : H ! HN=N , ïîëàãàÿ �(x) = xN äëÿ âñåõ x 2 H.Òîãäà �(xy) = xyN = xNyN = �(x)�(y) äëÿ âñåõ x; y 2 H. Êàæäûéêëàññ ñìåæíîñòè N â HN èìååò âèä hnN äëÿ íåêîòîðûõ h 2 H è n 2 N .Íî òîãäà hnN = hN = �(h), è ñëåäîâàòåëüíî, � � ñþðúåêöèÿ. Íàêîíåö, �� èíúåêöèÿ, ò.ê. åñëè h 2 H ïðèíàäëåæèò ÿäðó �, òî hN = �(h) = N , èïîòîìó h 2 N . Ïî ïðåäïîëîæåíèþ H \N = feg è ñëåäîâàòåëüíî, h = e.
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